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Abstract of Thesis

Spacecraft Relative Attitude Formation Tracking On SO(3) Based on Line-of-Sight
Measurements

This thesis investigates the use of line-of-sight (LOS) measurements for the control of
relative attitude formation among multiple spacecraft. It is based on the fact that two
pointing directions, referring to LOS measurements, from the spacecraft to distinct
objects can determine the absolute attitude of spacecraft. With the same approach,
LOS measurements from cost-effective vision-based sensors can be applied to obtain
the relative attitude among spacecraft. In the proposed approach, high accuracy
of attitude control and simpler control scheme can be constructed by designing the
control law in terms of LOS measurements. In addition, the relative attitude controller
provides almost global exponential stability on the nonlinear configuration manifold
of relative attitude. The described properties are illustrated by numerical examples.

In conventional approaches, the absolute attitude is measured locally by using
an inertial measurement unit, and they are compared to determine relative attitude,
thereby causing the accumulation of measurement errors and complex controller struc-

tures.
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Chapter 1 Introduction

This thesis investigates the use of Line-of-Sight (LOS) measurements for relative
attitude formation between multiple spacecraft. Relative attitude is important in the
multiple spacecraft formation since a constellation of spacecraft should have accurate
relative motion to meet the goal of mission. Based on the approach of geometric
control, the controller in this thesis exhibits exponential stability of the desired time-

varying tracking command with a daisy-chaining structure of multiple spacecraft.

1.1 Motivation

Multiple spacecraft in mission Satellites technology has been widely applied for
communication, navigation, outer space investigation, scientific research or military
purposes. Multiple satellites flying as a group, working together to carry out assigned
tasks, define formation. For instance, in the mission of the Space Technology 5 (ST-
5), three micro-satellites successfully launched in 2006 to explore the magnetic field
of Earth. The Cluster mission of European Space Agency (ESA) with the extend
project Cluster II, cooperated with National Aeronautics and Space Administration
(NASA), has four spacecraft to collect data.

Precise control of relative configuration between spacecraft is critical for many
cooperative missions [1]. For example, the Space Technology 3 (ST-3) mission is
a space-based interferometer consists of two spacecraft [2]. The interferometer is
an array of telescopes acting jointly to probe structure by means of interferometry.

If telescopes are carried by spacecraft operating in the outer space, various celestial



objects can be observed as the spacecraft translate, and high resolution images can be
captured compare to the stationary interferometer on Earth affected by atmospheric
distortion. Also, multiple telescopes can capture the target from different angles or
at different times. Another example is the famous Darwin mission, directed by ESA
and NASA, which is a constellation of four to five spacecraft searching for Earth-like
planets. The images provided by each telescope are combined together such that
Darwin would work as a single large telescope. To do so, the accuracy of relative
position and attitude among spacecraft is critical. The telescopes and the hub must

have stayed in formation with millimeter precision for Darwin to work [3].

Formation Control The spacecraft formation control can be categorized to control
of relative position and relative attitude. Carrier-phase Differential GPS has been
successfully applied to relative position control and estimation [4], [5]. It has been
shown that high precision of GPS technology is effective for relative position control.

As for attitude control, combination of different inertial measurement unit (IMU),
such as accelerometer, gyroscope, or magnetometer, is commonly applied to measure
orientation of spacecraft [6]. There is also a hybrid system using camera and IMU
jointly to perform rotation control [7]. Most of the relative attitude control sys-
tems are based on a common framework: the absolute attitude of the spacecraft,
with respect to an inertial frame, is measured independently by using local inertial
measurement units and then it is transformed to other vehicle to determine relative
attitude. In other words, relative attitude is acquired by comparing the absolute
attitude of each spacecraft.

Measurement errors are accumulated due to this indirect process, and the accuracy
of attitude formation is impaired. When there are more spacecraft in the constellation,
the accumulated error becomes larger. This error problem is not insuperable, but this

approach requires high quality IMU sensors and sophisticated controllers that increase



the development cost substantially.

Vision-Based System In recent years, vision-based systems have been applied for
the navigation of autonomous vehicles where optical sensors are used to extract visual
features to locate a vehicle [§], [9]. Specifically, it has been shown that line-of-sight
observations can be applied for relative attitude determination [I0]. Optical sensors
are cost-effective with high accuracies, and they have less noises compared with other
inertial sensors. Also, they yield a long-term stability and it requires no frequent

corrections in contrast to gyros.

Global and Unique Representation Typically, attitude control is studied by
using Euler angles or quaternions [11], [12], [13], which are referred to as attitude
parameterizations. None of these parameterizations can successfully represent atti-
tude uniquely and globally. For instance, Euler angles have singularities, therefore,
it is not possible to globally define the control law by using Euler angles. Quaternion
representation does not the have the issue of singularity but there exists ambiguity
since it is not unique in representing attitude. Hence, this thesis proposes to construct
the control system in terms of rotation matrix to control the attitude globally and
uniquely [14].

In summary, the goal of this thesis is to control attitude formation by using line-
of-sight measurements to accomplish high level of performance and cost-effectiveness.
It has desirable feature of accurate relative attitude determination, simple control

structures, low-cost hardware requirement and robust stability.

1.2 Literature Review

Control of the direction of line-of-sight is similar to control the direction of a spherical
pendulum since they evolve in the same configuration space. A spherical pendulum

is a weight bob suspend from a pivot that allows to swing freely in 3-dimensional



space. As there is no rotation along the axis direction of the link of the pendulum,
it has 2 rotational degrees of freedom. The direction from pivot to bob is analogous
to the direction of line-of-sight measurements. The nonlinear dynamics of spherical
pendulum has been studied in [I5], [I6], [I7] by using local coordinate. In addition,
Lagrangian mechanical systems on two-spheres has been studied in [I8]. If the limi-
tation of axial rotation is removed, the pendulum has 3 rotational degrees of freedom,
which is called 3D pendulum. There is also research about 3D rigid pendulum with
almost global asymptotic stabilization [19], [20].

Attitude control systems are developed in terms of Euler angles [21] or quaternions
[12], [22], [23]. Quaternions do not have singularities like Euler angle. Therefore it
may achieve global attitude tracking properties [24]. However, there is ambiguity in
representing attitude [14]. A phenomenon called “unwinding”, where the close-loop
control input unnecessarily rotates the spacecraft through a large angle even if the
initial attitude error is small, may happen if we do not deal with this ambiguity care-
fully [25]. Nevertheless, there are interesting contributions among these publications.
There is a attitude controller designed for micro-satellite [21]. In [22], a controller
without angular velocity is presented. In [23], control input in saturation is addressed.

Recently, attitude control on special orthogonal group SO(3), the set of three
by three orthogonal matrices with determinant equal to one, has been studied [14],
[26], [27], [28], [29]. The most important feature of this representation is that it the
attitude is determined globally and uniquely.

The coordinated control of multiple spacecraft in formation has been studied ex-
tensively [30], [31]. Notable contributions on relative attitude can be categorized as
leader-follower strategy [32], [13], behavior-based control [33], [34], and virtual struc-
tures [35], [36]. In the leader-follower scheme, one spacecraft on the reference orbit
is assigned to be leader, other spacecraft are followers tracking the relative motion

with respect to the leader. The behavior-based control defines the “behavior” for the



spacecraft as the purpose of tasks such as formation keeping or collision avoidance.
Additionally, virtual structure control considers every spacecraft as an element of a
larger, single entity. Some of research even combine two schemes in formation control
[37. A common drawback of strategy mentioned above, is absolute attitude of each
vehicle must be observed before computing the relative attitude and the measurement
error in each inertial measurement unit is accumulated during this process.
Vision-based sensors combined with image processing are applied in controlling
end-effectors of robot manipulators to reduce positioning error and reduce the overall
cost [38]. Recently, vision-based control systems have been widely applied for nav-
igation of autonomous vehicles, flying or underwater [§], [39]. For instance, in [9],
vision-based control are applied to stabilize a quadrotor. Moreover, the LOS obser-

vations are used for relative attitude determination of multiple vehicles [40], [41].

1.3 Thesis Outline

This thesis is concerned with development of relative attitude control system with
vision based sensors. This is motivated by the fact that control of pointing direction
of line-of-sight measurements on SO(3) is analogous to control the direction of a
spherical pendulum on S?. We start from control a spherical pendulum in the first
step which is the subject of Chapter 2.

In chapter 3, we use vision-based method in the application of attitude control of
single spacecraft. The basic properties and assumptions of vision-based control are
described. The nonlinear structure of SO(3) are explicitly considered in the control
system design, and proof of almost global exponential stability is proposed. These
are extended to the relative attitude control between multiple spacecraft in the next
chapter.

In Chapter 4, the structure of multiple spacecraft is outlined, and work of previous

chapters are combined for relative attitude between multiple spacecraft. We first show



the relative attitude control between two spacecraft and then in three spacecraft. By
observing the differences of these two solid examples, we generalized the controller to
multiple spacecraft in the final stage and use the case of 7 spacecraft as an numerical
example.

Each chapter comes with numerical simulations in the final section to demonstrate

the properties of the controlled system.

1.4 Contributions

Vision-based Formation Control The presented control system uses line-of-sight
measurements to control the relative attitude. In other words, the control inputs are
expressed in terms of the direction measurements. Thus, we directly control the rela-
tive attitude without the need for estimating the absolute attitude of each spacecraft.
This scheme is not only simpler than using the traditional inertia measurement units,
but also provides a higher accuracy. Without comparing absolute attitude between
each spacecraft, the issue of accumulated error does not exist in the vision-based
control system which leads to higher accuracy.

In particular, vision-based sensors normally require complex image processing to
extract the information and this causes high computational load. However, we only
need the direction from optical sensors to determine the formation and it requires
relatively low computational cost. Compare to gyroscopes, vision-based sensors do

not need calibration as there is no drift or errors.

Resource sharing and Cost effectiveness As each spacecraft should be equipped
with high accuracy sensors, the total development cost of multiple spacecraft may
become extremely high. Several projects, such as TechSat 21 constellation of three
spacecraft, directed by U.S. Air Force Research Laboratory (AFRL), were canceled

due to cost over budget. From the aspect of allowance, vision-based sensors are



relatively inexpensive compare to other hardware systems. Therefore, it reduces
the development cost significantly, especially in large number of spacecraft cluster.
Additionally, as each spacecraft is equipped with onboard visual sensors, we do not
need all of the measurements between them to estimate the corresponding relative
attitude, hence the system can still function well even if some of the sensors break

down.

Geometric nonlinear control on manifolds Special orthogonal group SO(3),
the group for 3 x 3 rotation matrices with determinant equals to 1, represents the
attitude of spacecraft both globally and uniquely. By using the geometric property
SO(3), the proposed controller avoids singularity and ambiguity associated with local
parameterization such as Euler angle or quaternion. On the other hand, two-sphere is
the group of unit length vectors that describes the direction from the origin. By mod-
eling the dynamic system of spherical pendulum directly on S? without using angles
relative to basis axes, intricate trigonometric expressions are void. The equations of
motion are expressed by a compact form that significantly reduces the complexity of
the control system and computation loads in analysis. In summary, geometric control
systems provide compact expressions and global representations in attitude formation

control.

Almost Global Exponential stability for tracking control The relative at-
titude controller for multiple spacecraft and PD controller for spherical pendulum
provide almost global exponential stability, which yields on exponential rate of con-
vergence. Also, the equilibrium of exponential stability is robust with respect to
perturbation with a linear growth bound. The term “almost global” implies that de-
sired equilibrium configuration can be exponentially stabilized from almost all initial
conditions. It has been shown that it is impossible to develop a continuous control

system that globally asymptotically stabilize an equilibrium on a compact manifold



such as the two sphere S? or the special orthogonal group SO(3) due to their topo-
logical properties [42]. The almost global exponential stability is the best result for

continuous control system.



Chapter 2 Tracking control of A Spherical Pendulum on

the Two-Sphere

In this chapter, we analyze the dynamics of a spherical pendulum and we present a
nonlinear control system for the time-varying tracking control problem. Pendulum
model without linearization is a good source to accommodate the effect and char-
acteristics of nonlinear dynamics. The control system is directly constructed on the
two-sphere, which is a nonlinear manifold of the spherical pendulum.

The proportional-integral-derivative (PID) controller is the most commonly ap-
plied controller, however, the typical PID controllers are constructed on linear sys-

tems, and a PID controller on the two-sphere has not been studied.

2.1 Equation of Motion

Consider a spherical pendulum supported by a fixed and frictionless pivot that is
connected to a mass m by a massless link [ (Figure . The unit vector from the
pivot to the center of bob is denoted by ¢ € R3 and the corresponding angular velocity
is defined as w € R3. Notice that w is constrained to be normal to ¢, i.e. w-q = 0.
Since the pendulum lies in three dimensional space but with two dimensional degree
of freedom in rotation, the configuration of the pendulum is in the space of two-

sphere, a unit sphere in a three dimensional space, denoted by S?. The mathematical



Figure 2.1: Spherical pendulum

definition of two-sphere is given by
S?={¢eR’| qll = 1}. (2.1)
In particular, the kinematic equation on the two-sphere is
q=wxyq. (2.2)

Assume the pendulum is acting under a gravitational moment only. The angular
momentum of the pendulum H is equal to the moment of inertia I € R? times

angular velocity, namely the rate of change of the angular momentum is given by

H=1w,

H = I = mil?. (2.3)
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The gravitational moment M, is
M, =r x F = lg x mges, (2.4)

where 7 is the position vector which equals to the length times the unit vector,
g denotes the gravitational constant and F' represents the total force. Note that
ez = [0 0 1]7 represents the unit vector along the direction of gravity according to
the NED (North-East-Down) frame. Suppose that there is a control moment u € R3
acting on the pivot. It is noteworthy that u is normal to ¢ since any component of u
along ¢ does not have any effect on the pendulum dynamics. From Newton’s second
law, the rate of change of the angular momentum is equal to the sum of the moments,

that is,
ml?i = M, +u = lg X mges + u, (2.5)
which implies the equation of motion:

w= gq X e3 + (2.6)

! iz

The projection of a vector z € R? to the plane normal to ¢ is given by —§?z, where

the hat map * : R® — 50(3) is defined in Appendix A.

—*r=—qx (gxz)=~[(g-2)g—(¢-9)a] = —(¢-z)g +=.

Considering the case z - ¢ = 0, above equation becomes —¢?z = z. Thus, for any

x € R? that is noraml to ¢ and any vector y € R?, the following property holds:

roy=—Gr-y=—qy- (2.7)

11



2.2 PD Tracking Control of a Spherical Pendulum on Two-Sphere

We first drop the integral term to design a nonlinear proportional-derivative (PD)
controller in this section. The characteristics of the two-sphere are carefully consid-
ered in the control system design, and we provide stronger convergent rate and almost

global stability for the proposed control system.

2.2.1 Error Dynamics

Desired Trajectory Suppose that a smooth desired trajectory qq € R? is given.

It satisfies

Jd = Wa X qd, (2-8)

where wy; € R3 is the desired angular velocity and it satisfies wy - gg = 0. We can

further obtain the following expressions:

Wd = qd X qd,

d)d = (qq X qd (29)

Furthermore, the desired angular velocity is assumed to be uniformly bounded by

|\wal| < Bua, Buwa > 0.

12



Error Function To measure the difference between ¢ and ¢4, the error function of

the state variable is introduced as:

1
(g, 9a) = 5l - aall* = =(q—q4)" (¢ — qa)

— N =

= §(qTq —q"qa—qa"q + 4" qa)
1
= 5[(!\QHQ + llqall?) — 2¢ - qd]

=1-q-qa (2.10)

Note that ||¢||* = ||qa||* = 1, since both of q and g4 are unit vectors. Specifically, the

range of the error function is 0 < ¥(q, qq) < 2.

Direction Error Vector The variation of ¢ € S? can be written as

~

q° = exp(€§)q,

where € = [§ & &]T € R? is a vector and = 50(3) is the skew-symmetric matrix

defined as (A.1)) in the appendix, which is rewritten as follows:

0 —& &
é - &3 0 =&
& & 0

This represents the rotation of ¢ about the axis £ by the angle €||£||. There is a
constraint that &£ is normal to ¢, i.e. £ - ¢ = 0. Then, the corresponding infinitesimal

variation is given by

d
0qg = — €= )
q de 70@ §xq

13



We can find the derivative of W with respect to ¢ along the direction of d¢g = £ X ¢

for £ € R? with £ - ¢ = 0 as follows:

d
D, (q,q4) - 6q = % U (¢, qa)

e=0

=—0¢-qa=—(§xq) qa="(qa%xq)-¢
From this, the configuration error vector is defined as:
eq = qd X q. (2.11)
Note that e, - ¢ = 0.

Angular Velocity Error Vector In order to show the difference between ¢ and
qd, the configuration error vector e, is defined above. Similarly, the vector which links

w and wy is named as the angular velocity error vector and it is defined as

o = W+ GPwy (2.12)
=w+¢q X (¢ X wa)
=w+[(¢-wi)g — (¢ q)wd]

=w—wg+q(q-wy). (2.13)

It is defined such that e, - ¢ = 0.

Proposition 2.1. The tracking error dynamics is expressed by (2.10)), (2.11) and
(2.13)), and they satisfies the following properties.

(i) e-qg=-¢e,-q=0.
(H) %\IJ(CL Qd> = €4 €Ey-
(1) éq - ew < Buallegllllewll + lles]|*.

14



(iv) slleqll* < W(g,qa) < g lleqll? if W(g,qa) <9 < 2.

Proof. Property (i) is from (2.13)) and (2.11]).
From ([2.2) the time derivative of ([2.10)) is :

V(q,qa) = —q-qa—q - da
= —(wXxq) qa—q-(wqxqa)
:—W'(QXQd)—wd'(CIdXQ)

= (w—wq) - (&) (2.14)
Also, from (2.13))

g €w = €q - |w—ws+q(q-wa)l

=€, (w—wa), (2.15)

since e, - ¢ = 0. This shows the property (ii).
From (2.8) and (2.11)), the time derivative of the direction error vector is expressed

as

€g=10qi X q+4qq X q

= (wa X ga) X ¢+ qa % (W x q). (2.16)

Then we apply the vector identity x x (y x 2) = y(z - 2) — z(z - y) for z, y, z € R®
and substitute (2.13)) to obtain

g = (Wi q)qa — (qa - Q)wa] + [(qa - Q)w — (qa - w)q]
= (wa+q)qa+ (g ¢)(w — wa) — (qa - w)q

= (Wa - q)qa + (qa - @)[ew — (¢ - wa)q] — (qq - w)q. (2.17)

15



The projection of ¢, to the plane normal to ¢ is given as

—G%ég = —(wa" 9)0°qa — (92 Q[0 — (¢~ wa)3*q) — (¢a - w)d*q

= (wa - q)qeq + (94 - 9)ew, (2.18)

since —¢%qq = —q X (¢ X qa) = q X ¢, = Ge, and ¢*q = 0. Also, —¢%e, = e, since

e, - ¢ = 0. Again, noticing that e, is normal to ¢, we use (2.7]) to obtain

€, bq =€y (—G°¢q) = (Wa- qQ)qeq - ew + (g qq)||ew|?
< lwalllleglllew ] + llewll?

< deHeqH”ewH + ||6w||27

which shows property (iii).
The last property is about the bounds of the error function. Define a constant

and D = {q € $* | ¥(q,qq) < ¥ < 2}. From (2.10), we have ¥(q,qq) = 1 — cos(f)

where 6 € S! is the angle between ¢ and gg. This yields:
0<1-cos(d) <,

We rearrange the equation to have

1 1
< )
1+cosf = 2—1

1
- <
5 =

which yields

1
Sleal? eall.

< — R —
- 1+cos€”eq|| - 2—w|

From (2.11)), we have [le,||* = sin? 6. Therefore, —1—lleg[|> = 1 — cos 6 = ¥(q, qa),

16



which shows property (iv). ]

2.2.2  Control System Design

Using the properties derived in previous section, we design a continuous feedback

controller that exponentially stabilizes the desired eqilibium.

Proposition 2.2. Consider the system is given by (2.6) and (2.2) with a tracking

command given by (2.8). The control input is designed as follows:

u = ml*[—kye, — kyeq — GP0a — G(q - wa) — %q X eg), (2.19)

where k,, and k, are positive constants. The following properties are satisfied by the
control input:
(i) Equilibrium configuration is given by (¢, w) = (£qq,wa) -

(ii) The desired equilibrium point (gq,wq) is almost globally exponentially stable

with an estimate of the region of attraction given by

P(q(0),4a(0)) < <2, (2.20)

lew(0)[I* < 2kq (v — (g(0), 4a(0))). (2.21)

(iii) The undesired equilibrium (—gg4, w,) is unstable.

The controller we present in is expressed in terms of unit vector ¢, angular
velocity w which is much simpler than using complicated trigonometric functions.
More importantly, the manifold converges to unstable equilibrium has less dimension
than the tangent bundle of the configuration space of S2. Therefore, almost global

exponential stability is achieved.

17



Proof. Property (i) is from the fact that the zero equilibrium of the tracking errors is
(€9, €) = (0,0).

To find the region of attraction, define
1
U= Eew “ew + quj(q7 qd)
A Lyapunov candidate is specified as
1
V= 56w Gt kg (q,qa) + ceq - ey (2.22)
for a constant c satisfying

4k, k,,
. 2.2
¢ < min{4/ q’”2 w (s = Boa)? +4kq} (2.23)

Then, from property (iv) of Proposition we obtain

1 1 1 1
560 €t ghallegl ~elieglenl] <V < Gew-ew + 5=yl + clegleal

This equation can be further rewritten as

2TMz <V < zTMgz,

)\mm<M1)”ZH2 < V < )\max(M2>||ZH2- (224)

e k, —c 2kq
where » — H q|| c sz M, = % q c szg’ and M, = % 2—
lew| — 1 c 1

R2*2, The matrices M; and M, are guaranteed to be positive definite as long as the

constant ¢ satisfying([2.23)).

Next, we will prove the time-derivative of the Lyapunov function is negative def-

S

inite. To show this, we start from deriving the time-derivative of e,. The time

18



derivative of is
€w =w — Wa + ¢(q - wa) + q(q - wa) + q(q - wa). (2.25)
Substituting into ([2.6), we have
W= —kye, — kgeq +wqg — 4(q - wa). (2.26)
Then substituting into ([2.25)), we obtain
€y = —kyew — kgeq + q(q - wa) + q(q - @a). (2.27)

From the property (ii) of Proposition 2.1, and (2.27), the time-derivative of V is

given by:

V:ew-éw—l—kqeq-ew+céq-ew+ceq-éw
= (ey + cey) - (—kwew — kgeq) + kgeq - € + céq - €y
= —kylles||® — ckoey - ew — ckyllegll* + céq - e

< —kullew|® + ckulleglllew ]| — ckqlleqll* + céq - .. (2.28)

Notice that e, - ¢ = ¢, - ¢ = 0 since both of e, and e, are normal to ¢. Moreover, By
applying property (iii) of propositon 1, the time-derivative of Lyapunov function is

bounded by

V < (ko = o)llew])® — ek — Bua)llegllllewll + ckylle,|I’] = —2Q2

19



where the matrix Q € R?**? is defined by

Q= . (2.30)

The matrix ) is positive definite if the leading principle minors of () are positive,

that is,

CQU{ZUJ — de>2

cky(ky, —c¢) — 1 > 0, (2.31)
which implies the last condition in (2.23)),
Ak,

c <

. 2.32
(kw — Boa)? + 4kq (2:32)

We now conclude that the zero equilibrium is exponentially stable under the designed
control input.

To show (iii), The undesired equilibrium (¢,w) = (—qq,wq) implies e, = e, = 0
and ¥(q, qq) = V(—qu, qa) = 2, thus the Lyapunov function, i.e., equals to 2k,.

And we can further define

1
W=2k, -V = —§ew ey + (2ky — kU (q, qa)) — ceq - €w, (2.33)

Now, at the undesired equilibrium W = 0, we can write

1
W= = llewl* + ko(2 = (g, 0)) = cllegl e (2.34)

We can choose ¢ that is arbitrary close to —¢gq such that 2 — WU(q, g4) is still positive.

If |ley|| is sufficiently small, we know W > 0 at some points, i.e., at any small
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neighborhood of (—¢q, 0), there exists a domain such that

W=-V>0. (2.35)

As stated by Theorem 4.3 of [43], the undesired equilibrium is unstable. Property
(iii) is verified. O

It has been shown that a lower dimensional manifold M, can be defined such that
closed-loop solutions starting in M,. will converge to the undesired equilibrium and all
other solutions converges to the desired equilibrium [14]. Particularly, the dimension
of M, is less than the tangent space of the configuration manifold. Therefore, the
desired equilibrium is exponentially stabilized for almost every initial condition except

M.

2.3 PID Tracking Control of a Spherical Pendulum on Two-Sphere

All of the control systems are subjected to disturbances and uncertainties. If we
consider the disturbances and uncertainties, the equation of motion of the pendulum

system now can be written as:

.9 1 ~2
w—jqxeg—i-wu—q A, (2.36)

where A is the fixed perturbation.
In the PD controller, the proportional term e, is about present error, while the
derivative error e, stands for the prediction of future error. Here we introduce the

integral term, representing the accumulation of past error, denoted by

t
e = / (ceq + e,)dT. (2.37)
0

Using the properties derived before, we select a continuous feedback controller
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that stabilizes the desired equilibrium.

Proposition 2.3. Consider the system is given by Eq. (2.36) and (2.2) with a

tracking command given at Eq. (2.8). The control input is designed as follows:
u' = mlP[—kye, — kyeq + kiGPei — G20q — G(q - wa) — %q X e3), (2.38)

where k,,, k, and k; are positive constants. The following properties are satisfied by
the PID controller: the zero equilibrium of the tracking errors, namely (ey, e, €;) =
(0,0, ké) is stable. The present controller is robust with fixed perturbation A with

the aid of integrator e;.

Proof. A Lyapunov candidate is specified as

1
V= Sew ot k(g qa) + ceg e+ o (hiei — A)*. (2.39)

1
2k
Then, applying property (iv) of Proposition into ([2.22)) leads to

1
"2 Sllewll’ + 5 k||6q||2—0||6q||||6w||+ (ke — A

2k;

= 2" Mz + — o (k e; — A)?,

Thus, the Lyapunov function V' is guaranteed to be positive definite.

V' > Ain (M1 + —— (kses — A2, (2.40)

2k;

Substitute (2.38)) into (2.36]) and then apply the new form of w to (2.25)). We have

= —kye, — keeq + k‘ichei + kiq(q-ei) +q(q-wq) — cjzA. (2.41)
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And the time-derivative of V' is expressed as

1

V/:ew-éw—l—k‘qeq-ew—l—céq-ew—I—ceq-éw—l—
= (ey + Cceq)éy + kyeq - e, + céy - e, + (kie; — A) - (ceq + ey)
= (ew + ceq)[—kwew — kgeq — kiei + kiq(q - €;) + q(q - wa) — q(q - A) + A]

+ kgeq - e+ céq ey + ckiej - eq + ke e, — cAeg — A ey,
Using e, - ¢ = e, - ¢ = 0, the related terms can be eliminated. Finally, we have

V= (ew + cey)[—kwew — kgeq — kiei + A + kyey - € + céy - e, + ckie; - €4
+ kie; ey, —cA e, —A-e,
= —kyey - €y — ckyeq - €y — ckyeq - eq + céy - ey,

=V. (2.42)

All of the terms with the fixed perturbation are annihilated, hence the time-derivative
of the Lyapunov function of PID controller is exactly same with our previous work
about the PD tracking control. Since there exists a new state e; in the PID case, V
is semi-negative definite and we can only conclude that the equilibrium (ey, ey, €;) =

(0,0, ké,) is stable.

2.4 Numerical Example

We present numerical examples for a spherical pendulum on S? corresponding to
Proposition and Proposition . The initial conditions ¢ = [0 0 1]7 and w =
[000]" imply that the pendulum is in rest at the stable equilibrium. The length of
the link and weight of the bob is 0.2m and 1kg, respectively. In addition, the control

gain are chosen as k, = 10 and k,, = 10.1. The desired direction of the pendulum g,
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can be a continuous function of time and must satisfies ||gq||T = 1 since it is a unit

vector, thus we select

qq = [cos(at) cos(Bt) cos(at)sin(Bt) sin(at)]’, (2.43)

where @ = 0.5 and 8 = 2. The corresponding numerical distributions are described
at Figure 2.2

The feature of PID controller is eliminating the effect of fixed perturbation where
A =[71 —3]T. We then add the perturbation and execute the simulation on PD and
PID controller so the effect of integral term can be distinctly observed. The numerical
results for PD and PID controller with respect to fixed perturbation are illustrated

at Figure [2.3| and Figure [2.4] respectively.
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(a) Direction error function ¥ (b) Direction error vector e,
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(¢) Angular velocity error vector e, (d) Control input u

Figure 2.2: Numerical results for spherical pendulum under PD controller without
perturbation
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(¢) Angular velocity error vector e, (d) Control input u

Figure 2.3: Numerical results for spherical pendulum under PD controller with fixed
perturbation, the error variables do not converge to zero due to the effect of pertur-
bation.
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(e) Integral error u

Figure 2.4: Numerical results for spherical pendulum under PID controller with fixed
perturbation(red, black and blue in ascending order), the integral term successfully
eliminates the effect of perturbation.
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Chapter 3 Vision-based Spacecraft Attitude Control on

SO(3)

This chapter presents a control strategy to rotate single spacecraft by using the in-
formation provided by a vision system. To be more specific, we select two distinct
point objects as visual features, and use optical devices to obtain the line-of-sight
(LOS) measurements to determine the absolute attitude of the spacecraft. The LOS
observation is represented by a unit vector in two-sphere, which is analogous to the
control system of a spherical pendulum we have presented in the preceding chapter.

We will explore the advantage the LOS observations in the next chapter to develop

a relative attitude control system for multiple spacecrafts.

3.1 Problem Formulation

3.1.1 Attitude Dynamics on SO(3)

Consider a spacecraft modeled as a rigid body. The origin of the body-fixed frame
B are defined at the mass center of the spacecraft. A inertial reference frame or
world frame W is also defined. Each frame is is constructed by three orthogonal unit
basis vectors ordered according to the right-hand rule. A rotation matrix R € SO(3)
represents the physical attitude of the spacecraft where SO(3) is the special orthogonal

group which denotes the set of all rotation matrices, that is

SO(3) ={ReR¥? | RTR =1, det(R) = 1}. (3.1)
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/0 Object 1

s1 = Rby -
Spacecraft

so = Rby ™

\O Object 2

Figure 3.1: Problem definition: directions from spacecraft toward two distinct ob-
jects are given by s; and s, € S? with respect to the inertial reference frame. The
corresponding line-of-sight measurements, b; and b, € S? are represented with respect
to the body-fixed frame. They are related by the rotation matrix R representing the
attitude of the spacecraft.

The rotation matrix represents the linear transformation from the body-fixed frame to

the inertial reference frame. Furthermore, its transpose indicate the inverse mapping

because of the orthogonality RT = R™!,

Vr=R(®r), Pr=R"("r), (3.2)

where £

r is a vector quantity r with respected to the body fixed frame and Wr is
the same vector with respect to the inertial reference frame. Notice that the full
transformation between the two coordinate system also includes the the position

transformation. However, the discussion about relative position is neglected in this

thesis since we only care about the relative orientation.
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The equation of motions for the spacecraft are given by

JQO+QxJQ=u, (3.3)

where J € R**3 is the inertia matrix, Q € R3 represents the angular velocity of
the body-fixed frame with respect to the inertial reference frame expressed in the
body-fixed frame, and u denotes the total external moments applied to the aircraft
expressed in the body-fixed frame. Assume that the desired angular velocity is uni-
formly bounded. In other words, for any ¢ > 0, there exists a known constant Bog > 0

such that

12 < Baa. (3:5)

3.1.2 Vision-Based Attitude Control Problem

Suppose that there are two distinct objects, such as distant stars, whose location in
the inertia reference frame is available. Let s1, sy € R? be the unit vectors showing
the direction from the spacecraft to the first object and the second object expressed
in the inertial reference frame, respectively. Since each of these two vectors has unit
length, they lie in the two-sphere S2. The relative positions of objects with respect
to the spacecraft are assumed to be fixed and they are non-parallel with each other,

i.e., the following properties are satisfied:

§1 = 89 = 0, 51 X 89 7é 0. (36)

Assume the spacecraft is equipped with an onboard camera which can capture the
direction to two distinct objects. These two line-of-sight (LOS) measurements from

spacecraft toward the objects are defined as by, b, € S? (Figure . Since s1, s9 and
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b1, by are referred to the same vectors with respect to different reference frames, they

are related by the rotation matrix. From (3.2)), we can write

Additionally, (3.4)) shows that

BT = (ROO)T = QTRH)T = —QRM)". (3.9)

From (3.9), (3.8)) and the assumption $; = 0, we can obtain the kinematic equations
for bl, bg,

= —Qb;(t) = —Q(t) x bi(t) = bi(t) x Q(1), (3.10)

for i € {1,2}.
Suppose that the desired attitude trajectory Ry(t) € SO(3) is given, It satisfies

the following kinematic equation

~

Ra(t) = Ra(H)Qu(t), (3.11)

where Q4(t) € SO(3) is the desired angular velocity. The corresponding desired line-

of-sight measurements are given by

bi,(t) = Rg(t)Ts;, i=1,2. (3.12)

Similar with (3.10)), the kinematic equations for desired line-of-sight measurements
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are denoted by

bi, (1) = b, (t) x Qq(t). (3.13)

According to the rigid body assumption, the angle between b; and by is always

same as the angle between s; and s, and the angle between .

bl(t) . bg(t) = R(t)TSl . R(t)TSg == [R(t)TSl]T[R(t)TSQ]

= 5] R()R(t) sy = 5] 59 = 51 - 59.

Since by, and by, are elements of b; and by, respectively, the foregoing property is also
valid, i.e., by, (t) - by, (t) = s1 - 50.

The goal is to design a control input u in terms of the line-of-sight measure-
ments by (t), bo(t) and the angular velocity €2(t) such that the spacecraft attitude R(t)

asymptotically follows the desired attitude R4(t).

3.2 Almost Global Exponential Tracking Control on SO(3)

In order to let the spacecraft follow the desired trajectory, the desired attitude is
assigned, and the difference of the current and desired attitude are characterized by
smooth positive function called error function. Moreover, we are able to define error
vectors, representing the difference of current angular velocity and LOS measurements
between the desired ones, from the tangent space of the error function since we are
dealing with a nonlinear manifold. We then construct the controller directly by
the error vectors based on Lyapunov stability analysis so that the spacecraft can
exponentially track the desired motion even though the initial attitude errors are

significantly large.
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3.2.1 Error Variables

First, we choose error functions that represent the distance between the desired atti-

tude and the current attitude. The configuration error functions are defined as

\Ijl<b1,b1d) :1_bl'b1d7 \I’2<b2,b2d) :1—b2'b2d, (314)

W (by, by, by, ba,) = ky, U1 (by, by,) + kip, Ua(bs, b, ). (3.15)

For simplicity, hereafter we will use ¥ and ¥; as the short note of W(by, bo, by, b2,) and
WU, (b;, b;,), respectively. For each object i, U; refers to the corresponding error of LOS
measurements while ¥ involves the LOS error of the complete control system. Once
the error of each line-of-sight measurements goes to zero, the error of the complete
control system goes to zero as well.

Substituting (3.8]), the error function ¥; can be written as

U;(R)=1—R"s;- R]s;. (3.16)

Since we have the assumption that s; is fixed and Ry is given, ¥, can be considered
as a function of R. Furthermore, the infinitesimal variation of a rotation matrix R

can be expressed in terms of the exponential map as follows

Rexp(en) = R, (3.17)

e=0

for a vector n € R3. Thus, from (3.16) and substituting (3.17)), the variation of ¥; is

expressed by

d
5 = | W(Rexp(ei) = ~(Ri)Ts, - B = b b = b (1 %)
€
e=0
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According to (3.18]), the configuration error vectors are defined as

€y, = bl X bld, €hy = bg X bgd, (319)

€p = k:blebl + kaQsz. (320)

Notice that since b; and b;, are unit vectors, the magnitude of ¢;, is bounded, i.e.

llew; || < 1, which leads to
lleol] < ko llew, || + Kby llevy || < Kby + Kb, (3.21)
The angular velocity error vector is defined as
eq = Q) — Q. (3.22)

The properties of error variables mentioned above are summarized as follows.
Proposition 3.1. The error variables - satisfy the following properties
(i) %\Pi(bi,bid) =ep, - eq fori=1,2.
(i) [léol| < (kv + ke, )lleall + Badlles|l-

(iii) Define a matrix K == ky, s15] + ky, 5259 € R3*3 and let g1, go € R be two pos-
itive eigenvalues of K. If ¥ < ¢ < hy = 2min{g, g2}, the following inequality
holds:

hq 9 hihy 9
<< g3 3.23
h2+h3||eb|| - - h5<h1 _¢)||eb|| ( )
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where the constants are defined as

hy = 2min{gl, g2},

hQ = 4max{(g1 - 92)27 g%v gg}’

hs = 4min{g, g},

Proof. From (3.14) and (3.10]), we can show (i) by

—b; - b;

id

Uy = —b; - by,
= —(b; x Q) -b;, — b; - (b, x Qg)
= —Q(b;, X b;) — Qa(b; x b;,)

= (Q—Qq) - (b x by,)

= €q - €y,

and the time-derivative of ¥ is defined by

\i/ = kbl\ijl =+ kb2\i’2 = kbleg * €y + kb2€Q cCpy = EQ (kblebl + kblebl) = €Q * €.
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From e, = b; X b;,, €, is given by

ébi :bz Xbid—"bi X bid
= (bz XQ) Xbid+bi X (bld X Qd)
= _bid X (bz X Q)—l—bZ X (bid X Qd)

= —[bi(biy - ) — Q(bi, - bi)] + by (bi - Qa) — Qa(bi - bi,)

id

= (Q—Qq)(bi, - b;) + by, (bi - Qa) — bi(b, - Q). (3.24)

id

Substituting Q = eq — 4 then applying (A.3) in the appendix, above equation

becomes

ép, = ea(bi, - bi) + by, (b )Qa — bi(b] ) (eq + Q)

3

= eq(bi, - bi) + [bi, (b)) — bi(b] )] — bi(b] )eq
= ealbi, - bi) — bi(bi, - ea) + (b X by, )
= bid X <€Q X bz) + (bl X bzd) X Qd

= _bid X (bz X 69) + €p; X Qd, (325)

which leads to

< lleall + Badlles,

[ : (3.26)

and

&l < Ko, (leall + Baallew [) + k. (leall + Baallew.ll) = (ky, + ks,)lleall + Baalles|,
(3.27)

where ||ep|| = kb, ||€b, || + Kb, ||€0,]|- Hence property (ii) is proved.
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To show property (iii), we introduce alternative expressions for U and e,

U = ky, Uy + ky, Uy
= ki, (1 = by - by,) + ki (1 — by - by,
= Ky, + ki, — ki, b) b1, — ki, ba b,
= ki, + ki, — tr[ky, bib] | + Ky,baby ]
= ky, + kp, — trlky, (RTs1)(Ry51)" + Ky, (R"s2) (R 52)"]
= ky, + kp, — trlky, (R"51) (5] )Rg + kp, (R 52) (59 ) Ry
= ky, + ky, — tr[R" (ky, 515 + kp, 5254 ) R4

2 Ly, + ky, — tr[RTK Ry, (3.28)

where we just appied 2y = tr[zy'] for any z, y € R3. Let p; € R and v; € R3 be
the i-th eigenvalue and normalized eigenvector of K, respectively. According to the

spectral theorem addressed in appendix [B] the matrix K can be factored to
K=UGUT, (3.29)

where U = [1; vy 13] € SO(3), G = diag[u1 pe p3] € R3*3. In particular, it is ordered

that u3 = 0 and v3 = 14 X vy such that U lies in SO(3). Alternatively, we have
ky, + Ky, = tr[K] = tr[UGUT] = tr|[GU U] = tr[G]. (3.30)

The first equality comes from K = ki, 18] +kp, 5255, where tr[s;s]| = s]s; = ||s;]|> =1
for i = 1,2. The rest comes from the trace identities tr[zy] = tr[yx] = tr[zTy"] =

trlyT2T] for any z, y € R3.
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Thus, using (3.30]), we can rewrite (3.28)) as

U = tr[G] — tr[RT(UGU )R]
= tr[G] — tr[(RJUGU )R]
= tr[G] — tr[(GUTR)(RU)] (3.31)

= tr|[G(I — UTRR}U). (3.32)

This is an alternative expression of .
From (3.31]), we differentiate ¥ with respect to R along the direction R = R7 to

obtain
DRV - Ri) = —tr[GUTRAR] U] = —tr[(ARU)(GUTR)] = —tr[(R} K R)7)].  (3.33)

From (A.9)), we have

DpV-Riy=n"[RIKR - (R;KR)']" (3.34)
=n: [R;ir(kblslSI + kaSQS;-)R — RTU{J(,I 818-{ -+ kaSQS-QF)Rd]V
=1n- [kbl(Rzl—slsIR) + ka(R}—st;R) — kbl(RTsls-erd) — ka(RTSQS;er)]V

= 10+ [y (b1,b1) + Ky (b2,03) — ke, (D101, ) — Ky (b2b3,)]

= 1)+ [k, (bi,b1 — biby,) + Ko, (ba,by — babs )] (3.35)
Substituting (A.3)),

DRV - Rij = 1« [k, (br % b1,)" + ki (by X by,)"]
=10 [kp, (b1 X b1,) + K, (b2 X ba,)]
=n- (kblebl + kb2652)

—n-e (3.36)
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Comparing (3.34) with (3.36]), we obtain
ey = [RIKR — (RTKRy)]Y, (3.37)

which is an alternative expression of ey.
These alternative expressions can be compared with [44] to show the third prop-

erty. The properties developed in [44] are summarized as follows

1
® = Str[F(I = P)), (3.38)
1
ep = 5(FP ~ PTF)Y, (3.39)
hy 9 hihy 2
<P< ——1 : 3.40
i lerl <@ < el (3.40)

where P € SO(3), F' = diag[f1, f2, f3] and the constants h; are given by

hi =min{fi + fo, f2+ f3, fs+ fi},
ho = max{(fi — f2)*, (fo = f3)*, (fs—f1)’},
hs = max{(fi + f2)*, (fo+ f5)*, (fs+ )"},
hey =max{fi + f2, o+ f5, fs+ f1},
hs = min{(fi + fo)%, (f2+ f3)%, (fs + 1)’}

and it is assumed that ® < ¢ < h;.

After comparing (3.38)) with (3.32)), we let F' = 2G and P =UTRRJU so ® = V.
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Then (3.39) is equivalent to

ép=GU'RRIU —UTR,R'UG
= (UTU)GUTRRJU —UTRyRTUG(UTU)
=U"(UGUTRR] — RgRTUGU U

=U"(KRR] — R4R"K)U, (3.41)

where we have multiplied the identity matrix I = UTU € R®. Similarly, we now

multiply I = R4R) and then apply (A.4)) so that

ép = UT[(R4R]) KRR} — RyR" K(RyR})|U

=UTR4RIKR — RTKRy)RJU

= (UTRy)éy(UTRy)T
= (UTRdﬁ’b)/\. (342)
Thus, ep = UT Rgey, which implies that ||ep|| = ||es|| since U and Ry are all orthogonal

matrices. From ({3.40f), The bounds of U are given as

hy
ho + hs

hih
o <®< —2

2
leall”.
In particular, fi = 2ky,, f1 = 2ks,, and f35 = 0, the constants h; now are valued as

hy = min{2ky,, 2k, },

ho = max{4(ky, — ks,)*, 4k;, 4k},
hs = 4(ky, + k,)?,

ha = 2(ky, + ks, ),

hs = min{4k;,, kj },
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which shows (iii). Notice that the eigenvalues u; and wus defined in the Proposition
equal to kp, and ky,, respectively, according to the spectral theory. ]
3.2.2  Control System Design

Based on the properties we derived in the previous section, a control input is designed.
By applying the designed control input, the equilibrium of the controlled system is

guaranteed to have exponential convergence.

Proposition 3.2. Consider the dynamic system (3.3)) and (3.4) on SO(3) with the

desired trajectory (3.11)) and (3.12f), a control input is chosen as
u = —ep, — kgeq + de(eg + Qd) + JQd, (343)

then the following properties are secured:

(i) There are four equilibrium configurations, give by
(R,Q) € {(R4, ), (UD,U"Ry,Q4), (UDyU Ry, Qq), (UDsU T Ry, Qq)}, (3.44)

where D; = diag[l,—1,—1|, Dy = diag|—1,1,—1], and D3 = diag[—1, —1,1]
are diagonal matrices with trace equals to -1 and U € SO(3) which is already

defined in (3.29)).

(ii) The desired equilibrium (R4, 24) is almost globally exponentially stable, with

an estimate of region of attraction given by

W(0) < < hy, (3.45)
JeaO)IF < (0 = ¥(0)) (3.40)
where U(0) = W(b1(0),b2(0),b1,(0),bs,(0)) and Aps(J) denotes the maximum

41



eigenvalue of J.

(iii) The remaining three undesired equilibrium configurations are unstable.

Without using any IMU sensors, two distinct pointing direction, referring to LOS
measurements, are used to determine the absolute attitude. And the control input
is directly expressed by the LOS measurements. Besides, by showing the instability
of three undesired configuration equilibrium, the region of attraction of the desired

equilibrium is almost global.

Proof. The equilibrium configurations locate at (eq, e,) = (0,0). Since eq = 2 — €y,

we know that eq = 0 leads to Q = Q4. As for e, = 0, recall (3.37)) to write

ey = [RjKR — RTKRy]"
= [RyKR(RjRq) — (RjR)RTK Ry
= [Rj (KRR} — RiR"K)Ry)"

= {Rj[K(RR;) — (RRy)" K]R4}", (3.47)

which implies that

K(RR]) — (RR})"K = 0. (3.48)

In [29], it has been show that (3.48) reveals

RR) € {I,UD\ U, UD,UT, UDsU"} (3.49)

where D; = diag[l, —1,—1]|, Dy = diag|—1,1,—1], and D3 = diag[—1, —1, 1]. Hence

we are now able to show the eqauilibria in terms of R and €2, which is (i).
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To show the exponential stability, We first rewrite (3.3|) as follows,
JU+Qx JQ— IO =u— JQy, (3.50)
which leads to
Jég = J(Q — Q) = —Q x JQ— JQq + u. (3.51)
Substituting eq = 2 — Q4 and , we have

JéQ:_(€Q+Qd> X J(eQ+Qd)—JQd+u
= —eqn X J(€Q+Qd)—QdXJ(€Q+Qd)—JQd+'LL

= [J(eg + Qd)]/\eg — de(eg + Qd) — JQd + u.

Now substitute the control input into this equation, and the error dynamics for the

angular velocity is given by
Jéq = [J(eq + Q)| eq — ey, — kaeq. (3.52)
To show the exponential stability, we first define
U= %QQ‘J€Q+\II,
notice that U > W. Then, the time-derivative of U is given by

U=eq-Jég+ U
=eq - ([J(eq + Q)| eq — e, — kaeq) + eq - e

= —kalleall’,
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which implies that U(t) is a non-increasing function. To specify the initial condition

of U, we have

U(O)Iéeﬂ(o)'Jeﬂ(O)Jr‘I’(O) < %/\M(J)||€Q<O>H2+‘I]<O)' (3.53)

Substituting (3.45) and (3.46) to (3.53)) yields to

U(0) < a0 + (0)
2
A ()

IN

() (= W(0) + (0) = v, (350

Since U(t) is non-increasing, the value of U(t) must be less or equal than U(0) and

we already know U(t) > ¥(t). Combine (3.45)) and (3.54) to obtain

U(t)<UE) <U0) <9 < .

This inequality implies that U(t) < hy for all ¢ > 0, and ({3.40)) is also satisfied.

The Lyapunov candidate is given as

1
V:569'J6Q+\II+C€Q'61,:U—|—CGQ'61,, (355)

where c¢ is a positive constant. Notice that

An(leall® < e - Jea < Au(J)[leql® (3.56)

—clleall|les|| < ceq - en < clleqal|les||- (3.57)

By combining the inequalities, (3.56)), (3.57]) with (3.40|) we can obtain the upper and
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lower bounds of V as follows

1 hihy
< _)\ 2 P S 2
V< hu(J)lleall” + Tl _wllebll + cllealllles]l;
V2 2 leall? + ey = clicallles]
=9 m Q h +h b Q b

which can be written in the following matrix form

2TMyz <V <2 Mz, (3.58)
2h1 2h1hy
e —c c
where z = lesl] , M, = % ha+ths and M, = % hs(h1—)
leqll —c  An(J) c Am ()

To guarantee M; and Ms to be positive definite, we have

i A 21 hadas ()
c<m1n{\/ R ,\/ O — ) } (3.59)

The time-derivative of V is given as

V:U—l—cég-eb—l—ceg-éb

= —kqllea|]* + céq - e + ceq - é. (3.60)

To obtain the upper bound of ég - e, we first use (3.52)) to have

JﬁljéQ =éqn = Jfl[J(GQ + Qd)]/\EQ - Jﬁleb — kQJfleg
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and then

éQ s €p = J_I[J(GQ —I— Qd)]/\eg s €p — J_1||€b||2 — kQJ_IGQ * €p
< A (T (I) (e + Qo) eallllenl] = An(THllesll + Eadm (T lealllles |

< el nns(Dlleall + Ar(7) Badlleall) -

1 ) 1
k

)\M(J)Heb“ e )HeﬂﬂﬂebH

(||>\MH€Q||2 + AmBalleal]) — —||€b||2 + kn)\—||€ﬂ||||€b|| (3.61)

Furthermore, by using property (ii) of Proposition , the upper bound of eq - é; is

given by
leallllés]| < (Ko, + ks,)lleall® + Baalles|l leall- (3.62)

Substituting (3.61]) and (| into ( , we obtain

V< ~fha el + k)1 + D enll” = s el
+ = (A(J) Bou + o) lesllleall. (3.63)

Am

where A(J) = Ay (J) + A (J). Again, this equation can be written in matrix form

V< —2" Mgz, (3.64)
where
M3 — AMC(J) _ﬁ()\(J)BQd + kQ) c RQXQ.

by (M) Bag + kq)  kq — c(ky, + ky,) (1 + il\ﬁﬁ)
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To ensure M3 is positive definite, we have the following limitation

I\ ()2 kg,

© = Do (D) i + k)N ) + At (Baah(J) + ka)?

(3.65)

In summary, the constant ¢ is chosen such that and are satisfied, then the
matrices My, My and M3 are positive definite, which show that the desired equilibrium
configuration is exponentially stable.

Finally, for (iii), substitute the first type of undesired equilibrium configurations,
(R,Q) = (UD,UTRy,€Qy), to obtain the Lyapunov function ¥V = ¥. Form ({3.32)), we

have
U =tr[G(I — U (UDUTRy)RYU)] = tr[G(I — Dy)] = 2. (3.66)
Define
W =2u; —V = —%eg ~Jeq 4+ (2ue — W) — ceq - ey, (3.67)

then at the first type undesired equilibrium, YW = 0, we have

ws Al

> ——5—lleall® + (212 — ) — clleallles| (3.68)

Since ¥ is a continuous function, we are able to select R that is arbitrary close to
UD U R, such that (2uy — W) > 0. Therefore, if ||eq]| is sufficiently small, W > 0
can be achieved at those points. Indeed, at arbitrarily small neighborhood of the
undesired equilibrium, there exists a domain in which W > 0, and W =V > 0 where
we have shown V > 0 in the proof of exponential stability. From Theorem 4.3 of [43],
this undesired equilibrium is unstable. In a similar manner, we can say the rest of

undesired equlibirua are unstable, which ensure (iii).
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Figure 3.2: Numerical results for single spacecraft attitude control

3.3 Numerical Example

Consider a spacecraft with inertia matrix J = diag|3,2, 1] kgm?. The desired attitude
is selected in terms of 3-2-1 Euler angles, that is R; = exp(aés) exp(5é2) exp(vé1)
where o = sin 0.5¢, 8 = 0.1, y = cost, e; = [1 0 0]7, e = [0 1 0]", and e3 = [0 0 1]".
Additionally, The direction to two distinctive objects are chosen as s; = [1 0 0] and
sy = [cos(60°) sin(60°) 0]T and the control gain are specified as ky, = 5, ky, = 5.1

and kq = 3.13. Fig|3.2| shows the corresponding simulation results.
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Chapter 4 Spacecraft Relative Attitude Formation Tracking

on SO(3) Based on Line-Of-Sight Measurements

This chapter is concerned with extending previous work to achieve the goal of this
thesis, the control of relative attitude formation among multiple spacecraft by using
LOS measurements.

As the relative control for an arbitrary number of spacecraft is quite challenging.
We start from relative attitude between two spacecrafts and show the described prop-
erties explicitly. It is generalized for relative formation control among an arbitrary

number of spacecraft.

4.1 Problem Formulation

Consider an arbitrary number n of spacecraft in formation. Each spacecraft is consid-
ered as a rigid body, and an inertial reference frame and corresponding n body-fixed
frames are defined. The attitude of each spacecraft is the orientation of its body-fixed
frame with respect to the inertial reference frame, and it is represented by a rotation
matrix in the special orthogonal group, SO(3) = {R € R¥3 | RTR = I, det(R) = 1}.
Each spacecraft measures the LOS from itself toward the other assigned spacecraft.
A LOS observation is represented by a unit vector in the two-sphere, defined as
S? = {s € R¥ | ||s|] = 1}. The nonlinear properties of S* and SO(3) has been

addressed in Chapter 2 and Chapter 3, respectively.
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4.1.1 Spacecraft Attitude Formation Configuration

We hereby define the configuration variables as follows, for i, 7 € {1,...,n} and i # j,

R;(t) € SO(3) the absolute attitude for the i-th spacecraft, representing the trans-
formation from the i-th body-fixed frame to the inertial reference
frame,

si; €S2 the unit vector toward the j-th spacecraft from the i-th spacecraft,
represented in the inertial frame,

bij(t) € S? the LOS direction observed from the i-th spacecraft to the j-th
spacecraft, represented in the i-th body fixed frame,

Qi;(t) € SO(3) the relative attitude of the i-th spacecraft with respect to the j-th
spacecraft,

(t) € SO(3) the desired relative attitude for Q;.
According to these definitions, the directions of the relative positions s;; in the inertial
reference frame are related to the LOS observation b;; in the i-th body-fixed frame as

follows:

sij = Ribij, bij = R] si;. (4.1)

In short, b;; represents the LOS observation of s;;, observed from the i-th body. The

relative attitude is given by
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which represents the transformation of the representation of a vector from the i-th

body fixed frame to the j-th body-fixed frame. Note that

Qij =R/ R, = (R[R;)" = Q. (4.3)

J Ji

To assign sets of LOS that should be measured for each spacecraft, a graph (N, )

and related sets are defined as follows.

N ={1,...,n} the node set, hence each spacecraft is considered as a node,
ECN XN the edge set. The relative attitude between the i-th spacecraft and

the j-th spacecraft is directly controlled if (i, j) € &,

p:€—=N the assignment map,

A the assignment set,

L; the measurement set, the set of LOS measurements from the i-th
spacecraft,

Cij the communication set, the LOS transfered from the i-th spacecraft

to the j-the spacecraft.

The graph (N, &) represents a set of LOS that should be measured for each space-
craft. Notice that &€ is symmetric, specifically, (i,75) € € < (j,1) € £. For each pair
of spacecraft in the edge set £, another third spacecraft is assigned by the assignment
map p. Moreover, p is also a symmetric, i.e., p(i,7) = p(j,7). The definition of the

assignment set is given by

A=1{(i,j,k) € EXN | (i,5) €&, k= pli,j)}. (4.4)

In particular, we have the following assumptions to describe the problem clearly:

Assumption 1. The configuration of the relative positions is fixed, i.e., 5;; = 0 for

all 4,7 € N with i # j.
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Assumption 2. The third spacecraft assigned to each edge does not lie on the line
joining two spacecraft connected by the edge, i.e., si X sjz = sy # 0 for every

(i,7,k) € A.

Assumption 3. The measurement set of the i-th spacecraft is given by

Ei == {bi]’, bzk S 52 | (i,j, k) € A} (45)

Assumption 4. The communication set from the i-th spacecraft to the j-th space-

craft is given by

{bijs bipgy b i (4,5) € E,
C, = 2 Yip(i,5) (4.6)

0 otherwise.

Assumption 5. In the edge set, spacecraft are paired serially by daisy-chaining.

The first assumption reflects the fact that this thesis does not consider the transla-
tional dynamics of spacecraft, and we focus on the rotational attitude dynamics only.
The proposed control input does not depend on the values of s;;, but its stability
analyses is based on the first assumption that s;; is fixed. The second assumption is
required to determine the relative attitude between two spacecraft paired in the edge
set from the assigned LOS measurements. The third assumption states that each
spacecraft measures the LOS toward the paired spacecraft in the edge set, and the
LOS toward the third spacecraft assigned to each pair by the assignment map. The
fourth assumption implies that a spacecraft communicate only with the spacecraft
paired with itself. The last assumption is made to simplify stability analysis while
the proposed relative attitude formation control system can be extended for other

network topologies.
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Spacecraft 3

832

S$23
S$43

S42 Spacecraft 2

Spacecraft 4
521

sij = Ribij
bii = RVs;s
ij i 5ij

Spacecraft 1

Figure 4.1: Formation of four spacecrafts: the direction along the relative position of
the i-th body from the j-th body is denoted by s;; in the inertial reference frame. The
LOS observation of s;; with respect the i-th body fixed frame, namely b;; is obtained
from (4.1J).
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An example for formation of four spacecraft satisfying these assumptions are il-

lustrated at Figure 4.1, where

A=1{(1,2,3), (2,1,3), (2,3,1), (3,2,1), (3,4,2), (4,3,2)}.

The measurement sets and the communication sets can be determined by (4.5 and
(4.6) from A. For example, for the third spacecraft, we have L3 = {bsi, b3a, b34},
Csz = {b32,b31}, and C3q = {bs4, b3a}.

4.1.2 Spacecraft Attitude Dynamics

Similar to (3.3]) and (3.4)), the equations of motion for the attitude dynamics of each

spacecraft are given by

R; = R, (4.8)

where J; € R?*3 is the inertia matrix of the i-th spacecraft, and ; € R? and u; € R?
are the angular velocity and the control moment of the i-th spacecraft, represented
with respect to its body-fixed frame, respectively. In particular, it is assumed that

the desired angular velocities are bounded by known constants.

Assumption 6. For known positive constants By,

¢ @)l < BY,

for all t > 0.
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4.1.3 Kinematics of Relative Attitudes and Line-Of-Sight

For any i,j € N, the time-derivative of the relative attitude is given, from (4.8)) and
#.2), by

Qij = —QjR]TRi + R;!—Rifzi = QZ]Q’L - Qj@ij = Qi (% — QiTij)A

2 Qi (4.9)

where the relative angular velocity 2;; € R? of the i-th spacecraft with respect to the

j-th spacecraft is defined as
Qi = Qi — Q9. (4.10)
From and , the time-derivative of the LOS measurement b;; is given by
by = Rl si; = —uR] s;; = by x Q. (4.11)

Define b;j, € R? where bijk = bij X bj. From 1) and | , it can be shown that

biji = (bij X Q) X by 4 bij X (bip X €y)
= —( - bir)bij + (S - bij)bi

4.2 Relative Attitude Tracking Between Two Spacecrafts

As a concrete example, we develop a control system for the relative attitude between
Spacecraft 1 and Spacecraft 2, namely Q» = RJ Ry illustrated at Figure The

corresponding edge set, assignment set and measurement sets used in this section are
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given by

E={(1,2),(2,1)}, A={(1,2,3),(2,1,3)}, (4.13)

£1 = C12 = {b12a b13}7 'CZ = C21 = {b217 b23}- (414)

Notice that we are controlling spacecraft 1 and 2, which are considered as nodes, while
the spacecrafts 3 belongs to the assignment map. Spacecraft 3 is required because we
need an object that can be measured from spacecraft 1 and 2.

Suppose that a desired relative attitude Q%(t) is given as a smooth function of

time. It satisfies the following kinematic equation:

‘61l2 = Qtlizfzilm (4'15)

where QY, is the desired relative angular velocity.
Our goal is to design control inputs uq, us in terms of the LOS measurements in

L, U Ly such that Q5 asymptotically follows Qf,, i.e., Q12(t) — Q% (t) as t — oo.

4.2.1 Kinematics of Relative Attitude

It has been shown that four LOS measurements in £; U £, completely determine the

relative attitude Q)12 from the following constraints [10]:

bio = —Q b, (4.16)
b123 Q;Lr2b213
= 2L = 4.17
i~ Tlbasal (4.17)

These are derived from the fact that four unit vectors, namely, s12, s13, So1 and sa3,
lie on the sides of a triangle composed of three spacecraft. In particular, the first
constraint (4.16]) states that the unit vector from Spacecraft 1 to Spacecraft 2 is

exactly opposite to the unit vector from Spacecraft 2 to Spacecraft 1, i.e., s19 = —s9;.
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The second constraint (4.17) implies that the plane spanned by s and s13 should
be co-planar with the plane spanned by sy; and so3. These geometric constraints
are simply expressed with respect to the first body-fixed frame to obtain (4.16]) and

(4.17). In consequence, the relative attitude @12 is determined uniquely by the LOS

measurements {bya, bys, ba1, baz} according to (4.16) and (4.17)).

We develop a relative attitude tracking control system based on these two con-
straints. More explicitly, control inputs are chosen such that two constraints are
satisfied when the relative attitude is equal to its desired value. As both constraints
are conditions on unit vectors, controller design similar to tracking control on the
two-sphere. From now on, variables related to the type of first constraint we just in-
troduced, are denoted by the sub- or super-script a while 3 refers to variables
related to the second type constraint, .

The a-type configuration error function are defined as

1
Uiy = 5llbar + Qabial* = 1+ bar - Qfybro (4.18)

=1 —+ (R-QFSQl) . (Q(lgR-lrSlg) =1 —+ S91 RQQ?QR-II—SlQ. (419)

It is equivalent to U, = 1 — cos(0%,), where 6%, is the angle between by; and —Qb1o.
The corresponding error vectors can be defined by using the direction derivative of
v, ie., . This process is analogous to preceding work in Chapter 3, expressly,
from to . By following the same approach, the a-type error vectors are

defined as follows:

ey = (Qlljobﬂ) X by = (QF;b21) X bua,

€3 = (Qfyb12) X bay. (4.20)
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The p-type error function are defined by
5 1 d
Wiy =1+ a—5213 + Qfabi2s, (4.21)
12

Where 12 = A21 é ||b213||||b123|| € R Since ||szk|| = ||b” X bzk” = ||R;|—SZ] X R:SlkH =
|sij X Sik||, the constant ajs is fixed according to Assumption [} and it is non-zero
from Assumption [2| In particular, \1fo stands for the error between (Qgb123 and —bo;3.

Furthermore, the configuration error vectors are given as

1 T 1
ey = —(Q% bo1z) X biag = —(Q% bars) X byas, (4.22)
a12 19
1
ey = —(Qfyb123) X bas. (4.23)

21

AS by, by are unit vectors, and from the definition of a9, as;, we can show that the
upper bound bonds of all the error vectors, [, [leg, ||, [[el,]], |le5,]] < 1.

We also define the angular velocity errors:
ea, = — Q) eq, = Qs — QF (4.24)
where the desired absolute angular velocities Qf and Q2 are chosen such that
f, = Qf - Q. (4.25)

This corresponds to (4.10). Any desired absolute angular velocities satisfying (4.25)

can be chosen. For example, they can be selected as

1 1
2593127 Dy, = =03 = —QL,.

o) =5

d

Using these desired angular velocities, the derivative of the desired relative attitude
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can be rewritten as

Qilz - (1i2Q61i - Qg@?z- (4-26)

The properties of these error variables are summarized as follows.

Proposition 4.1. For positive constants k%, # klﬁQ, define

Wi = k3T, + klﬁQ\Df% (4.27)
e12 = kel + kaels, (4.28)
ex = k5€5 + k3ie5y, (4.29)

where kg = kb, ki, = k¥,. The following properties hold:

(i) e12 = —Q%ea1, and [lera|| = |leanl.
(11) %\Iflg = €12 " €, + €91 - €Qy-

(iff) [lérall < (kS + krz) (leay || + lleas ) + B e,

ezl < (fy + k7o) (lea || + lleaa|l) + BYlea .

(iv) If Wiy < ¢ < 2min{k?,, k} for a constant ¢, then ¥ is quadratic with respect

to |le1a||, i.e., the following inequality is satisfied:

%12“612“2 S \Il12 S E12H€12H27 (430)

where the constants v _,1),, are given by

120

min{k?% k/fQ}

V., = ;
' 2max{ (k%)?, (klﬁ2>27 (kfy — ka)Q} + 2(kfy + /ﬁﬁzy
- min{kf, kf2 (k{5 + k%)

P =

min{ (kfy)?, (kf2)2}(2min{k;f‘2, ka} - 90)'
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Proof. Throughout this proof, we use the symbolic representation for property 1 and

2 to show that this proposition can be applied to arbitrary spacecraft ¢ and j. From

, e; 1s given by

e5; = (Q5:bji) X bi; = Q5;(bji X Qfbij) = —Q€5:.

() J Jr

Likewise, 61] Q]Z 4i- The symbolic form of (4 and l} can be denoted by

eij = k’%( s Oz) + kﬁ( ng gz) - Qd (kaea + kﬁ B) - Q]ze]l (431)

Ji ]7, Jr=J Ju J7J

where we have applied kf; = k’B and kg kﬁz Since Qf, € SO(3), any vector
multiplied by Q may change its direction but not the magnitude, thus ||e;;|| = ||e; |-
These show (i).

From (4.19)), the time-derivative of W is given by
U = sji - (RIQGRTsi) + s (RQGRIsy) + 3 - (RyQGRIsy).  (4.32)
Define \Iff; = A + B where

A= Sji * [R Qd (RTS”) + R Qd (RT)SU'], (433)

B = s - (R;Q%LR]s5). (4.34)
By applying R; = R;{; and 5;; = $5; = 0, A becomes

A= 5[ RiQQ%L(R] sij) + s] R Q% (Ri%) s
= (R} 550) Q4R si5) + (R} 3:) QLT (R si5)

= byi - QjQ?jbij —bji - ?‘Qisz

= by - [ % (Qbi)] — (Q% bji) - (€ x byy) (4.35)
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From the triple product expansion, x - (y X z) =y - (2 X z) = z(x x y) for x, y, and

2z eR3

A= Q- [(QFTb50) X byl + Q- [(Qbig) X byl = Q- €8y + Q- 5. (4.36)

v

For B, we substitute (4.26)) and obtain

B = sji - (RjQLRT sij) = s R QL0 — Q4 )R] s (4.37)

ig= %

Then we apply (4.1)), i.e., R s;; = b;; yield

T A
B =(Q% R]s;) Qb —b;Qj( L bi;)
T A
= (QF; bji) - Ubij — bji - [ x (Q;bi;)]
T
= Q- [bi; x (QF bji)] — Q- [(Q%bij) x bji]

= Qe —QF - el (4.38)

Combine (4.36) with - to obtain

W = et (Q— Q) e (2 — QD) = el - eq, + €5 - eq,. (4.39)

Ji J ) Jt

Similarly, we can write
\DZB] = e?j CEQ; + efi T €0y, (440)

Then, substituting (4.39) and ( into ( -, ii) is verified.

From (4.20)), the time-derivative of e} is shown as

e = —( dTbJZ) X bl] + (Q;jj—rbﬂ) X bl] (441)

ij
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First, we have
d T o\ T T: A A T, A
E(Q?j bii) = (Q) bji + Qb = Q50 — QIQL) by + QY (—4bji),  (4.42)

where we have applied (4.26]), and (4.11). Then we can rearrange the equation as

N

d T A T T A
@(ij bji) = —QLQY by + QT (Q — )by,

A T T, A A T
= —QQ% by + QF (2 — Q) QLQT bs. (4.43)
Apply (A.4) at the second term. Then,

d T A T T T
@) = 08 T+ QLT (2 - )1 QT
T T
= -1 + Q% (4 — AN"QY, b

T T
= (Q bji) x (2 + QY eq,)). (4.44)
Next, substituting (4.44) and (4.11)) into (4.41)),

. d -
e = %(Q;—bﬂ) X bij + (Qgbji) X by
= [(Q%Tbﬁ) x (4 + Q%Teszj)] X bij + (Q%Tbji) X (bij x )
T T T
= —by; x [(QF bji) x (U + Qf eq,)] + (QF bji) x (b x ). (4.45)

i
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By applying = X (y x 2) = y(z - 2) — z(x - y) for z, y, 2 € R?, we obtain

— (@4 by [bis - (2 + Q;“eg.n (8 + Q% eq)) by - Qb))
+ b [(Q bja) - ] — QY byi) - by

= (@4 byi) by - (2 + Q' em] + by [(QF byi) -
+ (4 + Q% eq, = Q)[(QE i) - by

= —(Q% b)) (O] (QF + Q% Tea,) + by [(Q% b)) T(eq, + Q)

+ Q% ea, — (2 — QD@ ba) - by, (4.46)

where we have applied ; = eq, + Q¢ from (4.24). Then, we expand every term in

the equation.

= [~ Qb ) (T — (@ b)) T(QS ea)] + iy (QY bji) Teq
+ b (Q% b)) + (QF e, — ea)) Q5 byi) - by
= by (Q% b)Y — <Q$Tbﬁ><bijmf — (Q4 i) (O])(QF eq,)
+ b (Q bi) Tea, + Q% e, [(QF byi) - bij) — ea,[(Q% bji) byl (4.47)

Notice that we rearranged the equation such that (A.3)) can be directly applied. The

yields

= [(Q4 byi) x by — (@ bja) (0if)T(Q e,
+ by (Q " byi) Tea, + (Q e, BT (QE T b) — e, [(QF b;0) by
= [(QF "bjs) x big] x Q4+ (Q ea, D (Q% by0)
— (@ bi) (b)) T(QF eq,) + bis(QF i) Tea, — ea,[(Q% b;i) TIb;

o T T T
=5 X Q + by x [QF eq,) X (QF bji)] + (QF bji) x (bij x eq,). (4.48)

v
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Consequently, we can further derive the upper bound of éf},
legill < BYless )l + llea; Il + lleq, - (4.49)
Following the same approach,
&l = el x Q8 4 by x [Q% T ea,) x (QL b + (QFTbik) X (b X eq,),  (4.50)
and

eIl < B

(4.51)

Combine 1} 1) with e;; = kel + kgefj to obtain

lewll < (kg + k5)( )+ Bl (4.52)

which shows (iii).
The procedure to show (iv) is analogous to the proof of property (iii) of Proposition
3.1l We will skip the extensive derivations and only show the important equations.

The alternative expression for U;; is as given follows

1
Wy =k + klﬁ] — tr[Q d RT(k“sUs + kf] T szjksiTjk)Rj],
Sijk
= tr[Gy;(I — U R;QLR] Uy, (4.53)
where
o 1
sz = K 4 k} SZ]S -+ kﬂ ||kaswk U G UT (454)

Y isi

The matrix G;; is the diagonal matrix given by G;; = diag[k, k?.0] € R3, and Uij is

7,]7 1‘77

64



. Siq Si4 X844
an orthonormal matrix defined as Usj = [sij, 1.2 Toraeyq) € SO(3). Furthermore,
] 9 ]

the derivative of W;; with respect to R; along the direction of dR; = R;1); correspond
to e;; is expressed by
. T
DrV - Ry = —n; - (R Kij R, Q% — QF RJKijRi)Y = - e, (4.55)
which gives rise to an alternative expression for e;;:

-
€ij = (ij RJTKini - RZKinjdej>v' (4.56)

From the Proposition 1 in [44], we have

1
i = Str[Fi; (1 = Fy)l, (4.57)
1
egzzﬁﬂ%f%——PTE)V (4.58)
he ) heho )
<P < — 00 , 4.59
el < @ < —msllel] (4.59)

where Fj; = [fa, fo, fe] € R¥*? is a diagonal matrix with non-negative constants f,, f;
and f., ad P € SO(3) is a rotation matrix. If ®;; < ¢ < hg for a constant ¢, where

he—h1o are given by

he = min{fo + fo, fo + fe, fe+ fo},
hr = max{(fo — fo)?, (fo = fo)%, (fe— fa)?}
hs = max{(fa + fo)*, (fo + fo)*, (fo+ fa)*},
hg = max{f, + fo, fo+ fe. fe+ fa},
hio = min{(fo + fo)*, (fo + fo)?, (fe+ fa)*}.

Compare 1) with |D we have Fj; = 2G;; and P;; = R Qd RIU;; which
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leads to ¥;; = ®. Furthermore (4.58) can also be updated to
P _ (7T dT A
i (Uz’jRiQij eji)"

Thus, ef; = UJR;(QY;)"ejs, which implies that [|eJ|| = |leji|| = [le;]| since Uj;, R; and

d are all rotation matrices have unit magnitude, respectively.

Therefore, (4.59)) can be rewrite as follows

hg
h7 + hg

heh
ol < @y < 1y 160
el < @y < Gr2 ey (4.60)

Then, with f, = 2k

157

o= Qkiﬁj, fo =0, we denote and —hshe__ by yij and Eij,

he
hr+hg hio(he—¢)

respectively, which shows (iv). O

4.2.2 Relative Attitude Tracking

Using the properties derived in the preceding section, we develop a control system to

track the given desired relative attitude as follows.

Proposition 4.2. Consider the attitude dynamics of spacecraft given by (4.7)), (4.8)
for i € {1,2}, with the LOS measurements specified at (4.13)). A desired relative
attitude trajectory is given by 1} For positive constants kf: # K2 ke = ke kP =

ij> Vig gir Vig

k:ﬂ, ka,, kq,, control inputs are chosen as

u; = —e;; — ko,eq, + Q?Ji(eﬂi + Qf) + JQ?: (4.61)

where (i,j) € €. Then, the following properties hold:

(i) There are four types of equilibrium, given by the desired equilibrium (Q12, 12) =
(Q,,04,), and the relative configurations represented by Qf, = RJUDUT R,
and Qp = Qf, where D € {diag[1, —1, —1], diag[—1, 1, —1], diag[—1, —1, 1]} and

U € SO(3) is the matrix composed of eigenvectors of K5 given at (4.54)).
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(ii) The desired equilibrium is almost globally exponentially stable, and a (conser-

vative) estimate to the region of attraction is given by

U15(0) < ¢ < 2min{kS,, k7, }, (4.62)
> A llea ()] < 2 — W1a(0)), (4.63)
i=1,2

where 1) is a positive constant satisfying ¢ < 2min{kg,, ka}, and Az, denotes

the maximum eigenvalue of J;.

(iii) The undesired equilibria are unstable.

The overall feature of this controller is in a similar manner with Proposition 3.2,
with the main difference that here we control the relative attitude between spacecraft.

The absolute attitude of each spacecraft is not required in this proposition.

Proof. From (4.7)), (4.61), and rearranging, the time-derivative of J;eq, is given by

K3

= (Jzefh + JQ?)/\GQI — €y — k’Qlegl (465)

The equilibrium configurations are where e;s = e9; = eq, = eq, = 0, which corre-
sponds to the critical points of the configuration error function given by (4.53). In

[45], it has been shown that there are four critical points:
RiQ4 Ry € {I,UD\UT, UD,UT,UDsU"},
where Dy = diag[l, —1, —1], Dy = diag[—1, 1, —1], D3 = diag[—1, —1, 1]. This shows

(i).

Next, we show exponential stability of the desired equilibrium. A sufficient condi-
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tion on the initial conditions to satisfy (4.30)) is obtained from the following variable:

1 1
U= 5691 - Jieq, + 5692 - Joeq, + Uia.

From (4.65) and the property (ii) of Proposition , the time-derivative of ¢ is simply

given by

U = €Q, * (—612 — ]{391691> + €Q, (—612 — ]{291691) (466)
+e12-eq, + e - eq, (4.67)
= _le HteH2 - k92“692||2 <0, (468)

which implies that ¢(t) is non-increasing. For the initial conditions satisfying (4.62)),

(4.63), we have

0)|* + ¥15(0) < 2.

Z

=1,2

As U(0) is non-increasing,
Uip(t) SU) <U0) < ¢ < 2min{kfy, k).

Therefore, Wis(t) < ¢ < hy for all t > 0, and the inequality (4.30)) is satisfied.

Let a Lyapunov function be
V=UH+clerz - eq, + €1 - eq,),
for a constant ¢. Using (4.30]), it can be shown that

Z zgMi2i5 <V < Z ZUMUZU, (4.69)

1,jEE 1,jEE
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where z;; = [||ej;]], [leq, ||] € R?, and the matrices M,;, M;; € R?** are defined as

(4.70)

for (i,7) € € = {(1,2),(2,1)}, where it is assumed that yij =9, hy; = ;. From

——j1 ?

(4.68), we obtain
V= —kollea |’ + c(éy - eq, + e - éq,). (4.71)
ijeg
For any vector z, y € R? and square matrix J; € R3*3, we have the following proper-
ties: A,z < Jio < Ayx and —z -y < ||z||||y||. From (4.65) and the two properties
just mentioned, it can be shown that

éq, - eij = J; [ Jilea, + Q)] eq, - e — J; ey ||? — ko, J; eq, - e

7

’%’H,

(4.72)

< At (e, + QD) e lllledll = At llewll” + ko Ay lleq,

where A;,-1 and A,,;-1 denote the maximum and the minimum eigenvalue of the

matrix J; !, respectively. Also, applying 2y < ||z||||y|| for , y € R®, A}~ = ﬁ and

K3

_ 1 . .
)\m;l = X, 8ives rise to

. 1 . A 1 1
g, - €ij < rHAMieﬂieﬂi + A, e, | lleij || — TH%HQ +kﬂif|leﬂi el
€is 1 1
< L0 O e+ A Nl 1) = e + 3 s s )
< Newll (5 leal? = Aas B lea 1) — ——lless 12 + ko ——leay lles
= )\m M; [1€Q; M; |69i |) )\M-|€U + Q; . |€Qi | |€Z]||
€ii 1 1
= Lol s a7 + Aun Bl = Tl + o, s leallel
(4.73)
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B
i, we have

From the fact that [e;;|| < kg + &

: )\Ml e )\MZBd 1 1
AMi (0 3 Mg, B+ kq, 1
= A—W(kn + k) leq,]” + D eiill e || — A—M||e,-j||2. (4.74)

(3

Together with the property (iii) of Proposition , this yields the following inequality:

. - >‘Mz C
V< DT ~(ha, = ek (14 ) ea | —

i,j€E i g

leis* + chijlleq,

|ea |

n Ai(Xin + ko))

eijlllleas, (4.75)

where \; denotes \; = A, + Am,, and Eij denotes ]_fij = kf} + kZ Expanding the

summation index, we now have

. _ Ay c
V < —[ka, — ckia(1+ )] fleq, I —
Amy An

lexz | + chaalleq, || [leq, |
1

c -
+—(MB? + k) ezl [leq, |
mi
2 Ans 2 ¢ 2, T
= [ka, — ckar (1 4+ = )lllea, [I” = s—llear]|” + charlleqs[[[ea, |
Ay A,
C —
+ h\ ()‘QBd+kﬂ2)||621||||692”7 (476)
m2
then, we can rearrange the equation to obtain
y 1 7. )‘M1 2 2
V < {[5ka, — chio(1+ T )]llea, I” + +—lexz]]
2 Ay Ay

c < 1 - >\M
— 5 B + ko) [lenllllen, I} = {[5ka, — char(1+ 772)]lea, |
mi m2
C C S
bW lear]* = 5— (B + ko, ) lear [l eas 1}
1 1 _
—{GFaillea I’ + Sk llea, [I* — 2¢kaallea, [[leq, I}, (4.77)
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which can be rewritten as the following matrix form:

V < —2,Wiszia — 23, War 21 — (5Y12Gia, (4.78)
where (1o = [|lea, |l llea,||]T € R? and the matrices Wia, Way, V1o € R?*? are given by
1 2:¢ —+& (NBY + kg,
Wij _ 5 ] A Ami( ) A ) ’ (479)
—5-(\B? + kq,) ko, — 2ck;(1+ 55
1 k —2ck
Yie = 5 . 2l (4.80)
—26]'6’12 kQQ

for (i,5) € €. Thus, we choose the constant ¢ such that

c<min{\/g12)\m1, \/%me \/EHAMU \/@21)\1\427 M»

2k 15
2k, A2, 2k, A2,
4k19Am; (A1) + Mgy (BN + Ko, )27 dkoi Ay (A2) + Aagy (BIAg + k)

5}

(4.81)

The first four conditions come from and to ensure the Lyapunov can-
didate to be a positive-definite function. The last three terms come from and
. Furthermore, it is chosen such that the time-derivative of the Lyapunov can-
didate is negative-definite. Therefore, the desired equilibrium is exponentially stable.

Next, we show (iii). At the first type of undesired equilibria given by R;Q%, R] =
UD,UT and eq, = eq, = 0, the value of the Lyapunov function becomes V = 2]{:52.

Define

W =2k, — V.
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Then, W = 0 at the undesired equilibrium, and we have

A,
- > 5 ea, |+ clleglllea, I} + 2k, — W) <W.

(i,9)€€

Due to the continuity of W, we can choose R; and R, arbitrary close to the undesired
equilibrium such that (2k5 — ¥) > 0. Therefore, if |eq,| is sufficiently small, we
obtain W > 0. Therefore, at any arbitrarily small neighborhood of the undesired
equilibrium, there exists a set in which W > 0, and we have W = —V > 0 from
(4.78]). Therefore, the undesired equilibrium is unstable [43, Theorem 4.3]. The
instability of other types of equilibrium can be shown similarly. This shows (iii).
The region of attraction to the desired equilibrium excludes the union of stable
manifolds to the unstable equilibria. But, the union of stable manifolds has less
dimension than the tangent bundle of the configuration manifold. Therefore, the
measure of the stable manifolds to the unstable equilibria is zero. This implies the

desired equilibrium is almost globally exponentially stable [14], which shows (ii). O

The result we presented in this section can be considered as a generalization
of [10] with time-varying desired relative attitude tracking commands and stronger

exponential stability.

4.3 Relative Attitude Formation Tracking

The ultimate goal in this thesis is relative attitude formation control between n space-
craft. The key idea of relative attitude control is illustrated in the previous section
with two spacecraft, and we generate it into an arbitrary number of spacecraft in this

section.
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4.3.1 Relative Attitude Tracking Between Three Spacecrafts

We first consider relative attitude formation tracking between three spacecraft, given
by Spacecraft 1, 2, and 3, illustrated at Figure 4.1} The corresponding edge set and

the assignment set used in this subsection are given by

E=1(1,2),(2,1),(2,3),(3,2)}, (4.82)

A=1{(1,2,3),(2,1,3),(2,3,1),(3,2,1) }. (4.83)

For given relative attitude commands, Q%/(t), Q% (t), the goal is to design control
inputs such that Q2(t) — Q% (t) and Qq3(t) — Q% (1) as t — oco.

The definition of error variables and their properties developed in the previous
section for two spacecraft are readily generalized to any (i, j, k) € A in this section.

For example, the kinematic equation for the desired relative attitude Q%, is obtained

from (4.15)) as
Qg:a = Qgsﬂczl?n (4.84)

where 4, is the desired relative angular velocity. Other configuration error functions
and error vectors between Spacecraft 2 and Spacecraft 3 are defined similarly.

The desired absolute angular velocities for each spacecraft, namely Q¢, Q4, and
Q4 should be properly defined. For the given Qf,, Q4,, they can be arbitrarily chosen

such that

Qfy(t) = Q1(t) — Q5 (1)), (4.85)

Qa3(t) = a(t) — Qs (t)Q5(1). (4.86)

For example, they can be chosen as Qf = Qf,, Q¢ =0, Q4 = —Q%,04,. Assumption |§|
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is considered to be satisfied such that each of the desired angular velocity is bounded

by a known constant B<.

Proposition 4.3. Consider the attitude dynamics of spacecraft given by (4.7)), (4.8)
for i € {1,2,3}, with the LOS measurements specified at (4.83). Desired relative

attitudes are given by Qf,(t), Q@33(t). For positive constants kg, k:fj, ko, with ki, # k;iﬁj,

a _pa B _ 1B o
kgs = kS, kiy = ky; for (i,7) € €,
Uy = —€12 — leegl + Qle(egl + chl) + JQ({Z, (487)
1 A )
Ug = —5(621 + 623> — /{292692 —+ QgJQ(GQQ + Qg) + JQg, (488)
Uz = —€39 — k’Q3€Q3 + QgJ3(695 + Qg) + JQg, (489)

Then, the desired relative attitude configuration is almost globally exponentially sta-

ble, and a (conservative) estimate to the region of attraction is given by

W15 (0) + Was(0) < o < 2min{kfy, Ky, ks, by}, (4.90)

Aty llea, (017 + 2Aa [leq, (0)1I + Aa, llea, (0)I* < 2(4 — Win(0) — Wps3(0)),  (4.91)

where 1) is a positive constant satisfying ¢ < 2min{k$,, k%, kSs, k§3 .

Proof. The time-derivative of Jye; and Jzesz are given by (4.65)), and the time-derivative

of Jses is given by

) 1
‘]2692 = (JQ@QQ + JQg)Aegh — 5(621 + 623) — kQ2692. (492)
Define
1 1
U= 56(21 . Jlegl + €Qy J2€QQ + 5693 . Jgegg + \I’lg + \1123. (493)

74



From (I68), (E02), we have
a = _kQ1||€Q1 ||2 - 2]{392“€Q2H2 - k93||693||2v (494)

which implies that U/(t) is non-increasing. For the initial conditions satisfying (4.90)
and (4.91]), we have U(0) < 9. Therefore,

Wy (t) 4+ Was(t) <U) <U0) < b < 2min{kS, kb, kS, ks }. (4.95)

Therefore, the inequality (4.30]) holds for both of Uy and Waj.

Let a Lyapunov function be
V =U+ ceq, - €12 + ceq, - (€21 + €23) + ceq, - €32. (4.96)

From (4.30), we can show that this Lyapunov function satisfies the inequality given

by (4.69), that is,

Y < ZngMlez + ZQTlelZzl + Z;3M23Z23 + Z;2M32232, (4.97)

V> Z1T2M12Z12 + 32T1M21Z21 + ZszM23Z23 + 2;2%2232 (4.98)

where the matrices M;; and M ;; are welled defined by lb Moreover, the time-
derive of Lyapunov function 1) is similar to 1' We will expand V term by

term in the coming paragraph so the the sequence of idea will be clear.
For (i,7) € {(1,2),(3,2)}, the upper bound of éq, - e;; is given by (4.74)). Alter-
natively, from (4.92)), with the similar procedure in (4.72)) through (4.74]), the upper
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bound of éq, - (ea1 + ea3) is given by

T — A 2Bd—l—k )
M (ko1 + k23)||602||2 + ST T

éq, - (€21 + e3) < \
mo m2

|ea1 + eas]|[leq, ||

1
~ e + exl (4.99)
2

The upper bounds of ||ész|| and ||é12]| are given by the property (iii) of Proposition
.1 Additionally, using (4.52), we can show that

[éa1 + €os]| < (ka1 + kas)([lea, | + 2lleq, || + [lea,||) + BY|ear + 2] (4.100)

Applying these bounds to the expression of Y and rearranging, we obtain

. _ A c =
V < —[ka, — ckiz(1+ )] [le, |? — ——llewsl® + ckazlleq, I|leq, |

>‘m1 >\M1
_ Is _
— [k, — ckaa(1+ )] |leay ] — ——llesal|? + chszleqs |l [leq, |
)‘m3 )‘Ms

c

_ c
) (MB? + ka,)llexalllleq, || +
my

Ams

+

(A B + ka, )llesz | llea, |

_ A c -
— [k, — cka3(2 + )\Mz Nlleasl|* + (AaB? + ko, )|lear + €as]|] eq, ||
ma ma2
I _ _
o €21 + easl|” + chas|leq, ||lleqs, || + chaslles, |l lea, I, (4.101)
2
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This can be rearranged as

. c c - 1 - A
V < —{—llexll’ = 7— B + ko,)llewsllllea | + [5ka, — ckia(1+ )] [lea, |1}
Ay Ay 2 Ay
c c < 1 - A
—{s—llesall> = +—(sB* + kay)lesalllleas | + [Skay — chaa(1+ T2)][leq, |1*}
)\M3 ms 2 >\m3
c c -
— gy llex + easl|” = (M B + ko, )[lear + eas|l[leas |
Mo m2
1 - A
¥ ko, — (2 + 222 o, 12
ma2
1 2 1 2 7. 7.
— gk lleai I + Jhaslleas I — c(2har + kas)lleqn [lleq. ||}
1 1 - _
—{7koalleasl” + Shaslleas [I* = e(kar + 2kas)lleas lleas 13- (4.102)
The corresponding matrix form is
V < —2,Wizzio — 2313 Wais2a13 — 24 Waazze — (31 Zo1Cor — (33 Z03Cos, (4.103)

where the matrix Wiy, Was € R?*% are given as (4.79), and 2913 = [||ea1+eas]|, [lea,||]" €

R2. The matrices Wai3, Zo1, Zog € R?*? are defined as

c c (Y d
Wois = % 7)\M2 T Ay ()‘QB + kfz) 7 (4104)
_)\TZQ ()\QBd + kQQ) kQQ — 20k213(2 + %)
7 1 %kQQ —6(2]_{21 + ]_fgg) (4 105)
21 — & ; .
2 —0(2]%21 + 12323) ka,
7 1 %kQQ —c(ka1 + 2ka3) (4.106)
23 = 5 _ _ ) :
2 —c(ko1 + 2ka3) ko,

where kg3 = kyp + kgs. It can be shown that all of matrices at (4.97), (4.98) and
(4.103|) are positive definite if the constant c¢ is sufficient small. In particular, the way

to find the maximum value of ¢ is in a similar manner with the proof of Proposition
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and with (4.81)) as well. Therefore, we now can write

V < =An(Waa)(lewal|* + llea, 17) = Am(Wes) (llear + eas® + fleq,||)
= An(Waz) (lesa | + lleqs [1?)

1
< A (W) {§<||eu||2 T llea]®) + ||enl||2} A (Wass) e

1
= AW G el + el + eas I}, (4.107)

where A, (+) denotes the minimum eigenvalue of a matrix, and we use the fact that
lewz]] = |learll, |le2s]] = |lesz||. Therefore, the desired equilibrium is exponentially
stable.

To show almost exponential stability, it is required that the fifteen types of the
undesired equilibria, corresponding to the critical points of W15 and Wy3, are unstable.
This is similar to the proof of the property (iii) of Proposition , and it is omitted.

]

4.3.2 Relative Attitude Formation Tracking Between n Spacecrafts

Consider a formation of n spacecraft, i.e., N'={1,...,n}. According to Assumption
Pl spacecraft are paired serially in the edge set. For convenience, it is assumed that

spacecraft are numbered such that the edge set is given by
E=4(1,2),(2,3),...,(n—1,n),(2,1),(3,2),...,(n,n—1)}. (4.108)

The assignment set is given by (4.4 for an arbitrary assignment map satisfying As-
sumption . The desired relative attitudes glj for (i,7) € & are prescribed. Also,
recall that the definition of error variables and their properties developed in the

Proposition of Section are ready generalized to any (i,7,k) € A, and these
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generalized variables become

ey = —Q%esi, el = llejill, (4.109)

\ifij = e+ €, + €ji * €q;, (4.110)

les | < (kS + kD) (lea, | + e, 1) + B%les]l, (4.111)
yineinQ < Wy < hygless | (4.112)

where E’j and @ij are positive constants can be determined, the way to find out these
two constants are addressed in the proof section of Proposition 4.1l Moreover, the

desired absolute angular velocities Q¢ for i € A" are chosen such that
d 1y — Od d d .
Qij(t) = Qi (t) - ji(t)Qj (t) for (i,7) € &. (4.113)

Proposition 4.4. Consider the attitude dynamics of spacecraft given by (4.7)), (4.8])
fori € {1,...,n}, with the LOS measurements specified by (4.108)) and (4.4)). Desired

relative attitudes are given by Qf;(t) for (i, j) € £. For positive constants kg, kfj, ka,

; o B ra _ pa 1.8 _ 1B :
with ki # ki, ki = kS, ki; = kj;, and p € {2,...,n — 1}, the control inputs are
chosen as
ur = —e1s — koeq, + Qi (eq, + Q) + 1191, (4.114)
1 A )
u, = —§(ep,p_1 + eppi1) — ko eq, + QLT (eq, + Q) + J,00, (4.115)
Up = —€nn_1 — ka,eq, + QZJTL<€Q” + Q4 + JnQﬁ. (4.116)

Next, the desired relative attitude configuration is almost globally exponentially sta-
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ble, and a (conservative) estimate to the region of attraction is given by

n—1
D Win(0) v <2 min (ki k) (4.117)
=1

1<i<n—

ea, (0)]1* + A, e, (0)1* < 2( — X_: Vii41(0), (4.118)

i=1

n—1
Amy HeQI (O>||2 +2 Z A,
=2

where 1 is a positive constant satisfying ¢ < 2mini<;<n,1{k{; 1, kfiﬂ}.

Proof. The proof of this proposition has been carried out by the proof of Proposition
of with tedious extension, which is also very similar to the proof of Proposition
[4.2] Here we still summarize the essential equations to show the framework.

The time-derivative of Jie; and J,e, are specified as follows, which is consistent

with (63)

Jl(égl) == (Jlegl + JlQil)/\egl — €12 — k:Qlte, (4119)

Jn(eﬂn) = (JneQn + JnQZ)AGQn — €pn—1— aneQn7 (4120)
while the time-derivative of J,, for p € {2,...,n — 1} is

. 1
Jp(egp) = (Jpegp -+ Jprd)/\er — §(€p,p—1 + 6p,p+l) — k‘Qp@QP. (4121)

Define U = U, + Uy where

n—1

1 1
Z/[e = 5691 . Jlegl + §€Qn . Jnegn + Z eq, Jiegi, (4.122)
=2
n—1
Uy = Z Uy i41. (4.123)
=1

In view of (4.110)) and (4.119)) through (4.121)), the differentiation of U with respect
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to time is

n—1

U =U, + Uy = —ka,llea, I” = ko, [lea, |* =2 ) ka,lleall, (4.124)

=2
which shows U is non-decreasing. Then, the Lyapunov candidate is in the form

n—1

V=U-+ ceq, - ezt ceq, - €n,n—1 + CZ €q, - (em‘—l + 6m+1). (4.125)

=2

where ¢ is a constant which will be determined later. From , it is straightfor-
ward to show that the Lyapunov function satisfies the inequality given by .

Furthermore, for (¢, ) € {(1,2), (n,n—1)} the upper bound of éq, - €;; is given by
, We rewrite as follows:

, Aty o A, BY + kg 1
€q, - erp = (ki + k) lea, |1” + — lleazlllleall - v lewa]?,  (4.126)
mi mi 1
and
: AM, ) A, B + ko,
éa, *enn—1 = 3 (k1 + kp o )llea,|l” + 3 lenn—1lllleq, |
1 2
-3 llenn_tll?, (4.127)
M,

n

while the rest term of éq, - e;; are given by

. A — — A B+ ko,
éq, - (i1 + €iit1) < )\Mz (kiio1 + kiiv1)|leq; 1% + oM TN 3 & €ii—1+ €iiv1lllleq |
2
_ el 4.128
i + il (4.129)

The summation of (4.124) and (4.126)) through (4.128)) is the time-derive of (4.125]).
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Figure 4.2: Relative attitude formation tracking for 7 spacecraft: the lines-of-sight
measured by each spacecraft are denoted by arrows, and the dotted line between two
spacecraft implies that they are paired at the edge set.

And it can be rearranged to the matrix form

n—1
) T T T
Y < —212W12212 - Zn,nflwn,nflzn,nfl - E Zi7i717i+1Wi,ifl,i+1zi,i71,i+1
i=2
n—1
T
- E Ci,i+1Zi,i+1Ci,i+1: (4-129)

i=1

T € R? and (i1 = [|leq;

where 2z; ;111 = [|leii—1 + i1, [|eq,  leq,c1l]]T. With
analogous process from through , it can be shown that if the constant
c is sufficiently small, all the M, M, W, and Z matrices is positive definite. This
directly implies that the Lyapunov function V is positive definite and decrescent and

its time-derivative V is negative definite. Thus we conclude the exponential stability

of the desired equilibrium.
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4.4 Numerical Example

Consider the formation of seven spacecraft illustrated at Figure 4.2l The correspond-
ing edge is given by (4.108)) with n = 7, and the assignment set is

A=1{(1,2,3),(2,1,3), (2,3,4),(3,2,4), (3,4,5), (4,3,5),

(4,5,7),(5,4,7), (5,6,7),(6,5,7), (6,7,5),(7,6,5)}.

The desired relative attitudes for Q4, and Q% are given in terms of 3-2-1 Euler angles

as Q5,(t) = Q4u(a(t), B(t), (1)), Qs(t) = Qi5(4(1),0(t), (), where

a(t) =sin0.5¢, 5(t) = 0.1, v(t) = cost,

o(t) =0, 0(t) = —0.1 + cos0.2t, 1(t) = 0.5s8in 2¢,

and Qf,(t) = Q35(t) = Q5(t) = I, Q(t) = (Q45(t))". It is chosen that Qg(t) = 0,
and other desired absolute angular velocities are selected to satisfy .

The initial attitudes for Spacecraft 3 and 6 are chosen as R3(0) = exp(0.9997¢é)
and Rg(0) = exp(0.9907é,), where e; = [1,0,0]T,e5 = [0,1,0]" € R3. The initial
attitudes for other spacecraft are chosen as the identity matrix. The resulting initial
errors for the relative attitudes Qo3 and Qg7 are 0.997rad = 179.82°. The initial
angular velocity is chosen as zero for every spacecraft.

The inertia matrix is identical, i.e., J; = diag[3, 2, 1] kgm? for all i € . Controller
gains are chosen as ko, = 7, kf; = 25, and kg = 25.1 for any (i,7) € €.

The corresponding numerical results are illustrated at Figures[4.3] Tracking errors
for relative attitudes and control inputs are shown at Figure [4.3] where the relative
attitude error vectors are defined as eq, = $((Q%)"Qi; — QLQ%)Y € R3. These
illustrate good convergence rates. In addition, the corresponding MATLAB code is

attached in Appendix [C]
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cyan, magenta, and black in ascending order)
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Chapter 5 Conclusions

5.1 Concluding Remarks

The current relative attitude control system is unique from the aspect that control
inputs are directly expressed in terms of LOS measurements such that determining the
full absolute attitude of spacecraft in formation is not required. Relative attitude are
directly controlled, and it leads to higher accuracy and a relatively low-cost compare
to other attitude determining sensors. Furthermore, the tracking command is allowed
to be continuous function of time that gives the flexibility of the formation between
each spacecrafts.

Developing attitude control system on SO(3) avoids complexities of using parame-
terization method such as Euler angle and quaternions. And even more remarkably, it
avoids the singularities and ambiguities that occur in parameterization. Additionally,
using unit vectors on S? to express LOS measurements is a simpler way to denote
directions of spherical pendulum. This feature is more significant where there are
multiple spacecraft in the system. Furthermore, the presented stability properties are
valid globally fro all possible attitude configurations.

The relative attitude controller on SO(3) and PD controller on S? provide almost
global exponential stability which is stronger than asymptotic stability offered by
typical Lyapunov-based tracking controller. By definition, asymptotic stability im-
plies attractivity only, i.e., the solution in the region of attraction will converge to

equilibrium as time goes to infinity even though the rate of converge may be very
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slow. Exponential stability offer a much higher rate of convergence [43]. The PID
controller on S? does not have exponential stability since the error of integrator does
not converge to zero, but it successfully remove the effect of fixed perturbation in the
control system, in other words, the controlled system can still perform well even poor

estimation of angular velocity is acquired.

5.2  Future Work

Vision-based spacecraft formation control on SE(3) This thesis explores rel-
ative attitude control with LOS measurements, however, the full formation includes
not only relative attitude (rotation), but also relative positions (translation). It is
possible to extend the vision-based control scheme presented in this thesis to full
formation control. Specifically, previous work have shown that the dynamics of a
spacecraft can globally expressed in the special Euclidean group, SE(3) [46], which is
the semi-direct product of R* and SO(3). Thus, using vision-based control on SE(3)

for both rotational and translational motion is one of future directions.

Robust Spacecraft formation control The proposed relative attitude formation
control system is actually a nonlinear PD controller. As the configuration error vec-
tor, e;;, represents the proportional term and the angular velocity error vector ,eq,,
corresponds to the derivative term. Based on the unique nonlinear PID controller on
S? proposed in Chapter 2, it is reasonable to suggest that adding the integral term to
the attitude control system of multiple spacecraft in the future to accomplish higher

level of performance.

Spacecraft formation control with bounded inputs Throughout this thesis,
we do not consider constraints of the control input, however, magnitude of control

input may be constrained because the power source in not unlimited in the real
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world. Thus, we may use saturation functions to generate bounded control inputs as

a solution [47]. This will significantly increase practicability of the controller.
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Appendix A Hat Map Identities

The hat map A : R® — s0(3) transforms a vector in R? to a 3 x 3 skew-symmetric

matrix where s0(3) is the vector space of skew-symmetric matrices in R3*3 [14], and

it is Lie algebra of SO(3):

s0(3) = {2 e R¥3 | 2T = —2}.

On the contrary, the inverse of the hat map is defined by the vee map V : s0(3) — R3.

To illustrate the idea, we first define x,y € R3

Iy n
€r = To , Y= Y2 )
T3 Ys

then the cross product of x and y can be expressed as

ToY3z — X3Y2 0 —x3 x
TXY= 1| a3y1—x1ys | — | 23 0 —m
T1Y2 — T2 —T2 T 0
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Thus, we have

0 —XI3 T9
A ~T
xr = T3 0 —x = —T € 50(3).
—X2 T 0

There are few properties of the hat map are summarized as follows:

x-yz=vy-zZr=2-2Y,
z=xx(yxz)=(x 2)y— (v y)z,
TyYz — Zyxr = Yz,
Surfig) = "
—tr[zy] = —x
B Y Y,
1
tr[zA] = étr[;i“(A — AN = —2T(A- AT,

(A1)

for any A € R¥3 R € SO(3). The sum of the diagonal entries of matrix A is equal

to the sum of eigenvalues of A and it is defined as trace of A, denoted by tr[A].
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Appendix B The Spectral Theorem

From Chapter 5 of [48], the spectral theorem states the fact that any real symmetric

matrix K € R™" can be factored into K = UGUT. It’s orthonormal eigenvectors

are column vectors of the orthogonal matrix U € R™*" and its eigenvalues are the

elements of diagonal of G € R™" with every other elements are zero. The matrix

form of the spectral theorem can be specified as
| | A1 — @
K=UGU"=| & ... =z,
| | An -,

T T T
= M21%] + AaZay + -+ A2,

where x1, xo,..x, € R™ and A\;, Ag,...\, € R are the orthonormal eigenvectors and

eigenvalues of a n by n symmetric matrix K, respectively.
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Appendix C MATLAB Codes

The following is the MATLAB code for numerical simulation in Chapter 4.

function seven_spacecraft %% Main function %%

filename=’seven’;

close all;

global J1 J2 J3 J4 J5 J6 J7

global s12 s21 523 532 s34 s43 s45 sb54 sb6 s65 s67 s76

global s13 s24 s35 s47 s57 s75

global k01 k02 k03 k04 k05 k06 kO7

global K12a K12b K23a K23b K34a K34b K45a K45b Kb56a Kb56b K67a K67b
global ccl2 cc23 cc34 cc4b5 cchbb ccb7

J1=[3 0 0; 0 2 0; O O 1]; %Inertia matrix

J2=J1; J3=J1; J4=J1; J5=J1; J6=J1; J7=J1,;

si=[-1 0.1 0]’; s2=[-0.5 0 1/sqrt(2)]’; s3=[0.5 0 1/sqrt(2)]1’;
s4=[1 0.1 0]’; s5=[0.5 0 -1/sqrt(2)]’; s6=[-0.5 0.0 -1/sqrt(2)]’;
s7=[0 0.2 0]’;

s12=(s2-s1) /norm(s2-s1); s13=(s3-s1)/norm(s3-s1);

s23=(s83-s2) /norm(s3-s82); s24=(s4-s2)/norm(s4-s2);

s834=(s4-s3) /norm(s4-s3); s35=(s5-s3)/norm(s5-s83);

s845=(s5-84) /norm(sb-s4); s47=(s7-s4)/norm(s7-s4);

s56=(s6-85) /norm(s6-s5); s57=(s7-s5)/norm(s7-s5);

s67=(s7-s6) /norm(s7-s6) ;

s21=-s12; s31=-s813;

s32=-823; s42=-524;

s43=-s34; s53=-835;

sb4=-g45; s74=-s47,;

s65=-8b56; s75=-s857; s76=-867;

s123=cross(s12,s13); s213=cross(s21,s23); ccl2=norm(s123)*norm(s213);
s5234=cross(s23,s24); s324=cross(s32,s34); cc23=norm(s234)*norm(s324);
s8345=cross(s34,s35); s435=cross(s43,s45); cc34=norm(s345)*norm(s435);
s457=cross(s45,s47); sb47=cross(sb4,s57); cc4b=norm(s457)*norm(sb47);
sb67=cross(s56,s57); s657=cross(s65,s67); ccb6=norm(sb567)*norm(s657);
s675=cross(s67,s65); s76b=cross(s76,s75); cc67=norm(s675)*norm(s765);

7k (w=3, eta=0.7, k0=2*eta*omega, ka=w"2)
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w=b; eta=0.7;

k01=2*xw*xeta; k02=2*w*eta; k03=2*w*eta; k04=2*w*xeta;
k05=2*wxeta; k06=2*xw*eta; k07=2*w*xeta;

Kl12a=w"2; K12b=w"2+0.1; K23a=w"2; K23b=w"2+0.1;
K34a=w"2; K34b=w"2+0.1; K45a=w"2; K45b=w"2+0.1;
K56a=w"2; K56b=w"2+0.1; K67a=w"2; K67b=w"2+0.1;
tstart=0;

tend=20;

n=1001; %time step

tspan=linspace(tstart,tend,n);

hinitial value of Omegal

001=[0 0 0].’; 002=[0 0 0].’; 003=[0 O0 0].’; 004=[0 0 0].°;
005=[0 0 0].’; 006=[0 0 0].’; 007=[0 O 0].’;

%initial value of R, it should still be a rotation matrix
RR1=[1 0001000 1].7;

RR2=[1 00 01 00 0 1].7;

RR3=reshape (expm(0.999*pi*hat ([1 0 0])),9,1);

RR4=[1 0001000 1].7;

RR5=[1 0001 000 1].7;

RR6=reshape (expm(0.999*pixhat ([0 1 0])),9,1);

RR7=[1 0001000 1].7;

xinit=[001;002;003;004;005;006;007;RR1;RR2;RR3;RR4;RR5;RR6;RR7];
OdeOption=odeset (’RelTol’,1e-8,’AbsTol’,1e-8);
[t,x]=0de45(@pid_SOTeom,tspan,xinit);

Rl=zeros(3,3,n); R2=R1; R3=R1; R4=R1; R5=R1; R6=R1; R7=R1;

Q12d=R1; Q23d=R1; Q34d=R1; Q45d=R1; Q56d=R1; Q67d=R1;
dQ12d=R1; dQ23d=R1; dQ34d=R1; dQ45d=R1; dQ56d=R1; dQ67d=R1;
ul=zeros(3,n); u2=ul; u3=ul; ud=ul; ub=ul; ub=ul; u7=ul;
Omegal2d=ul; Omega23d=ul; Omega34d=ul; Omegad4bd=ul; Omegab6d=ul;
Omega67d=ul; dOmegal2d=ul; dOmega23d=ul; dOmega34d=ul; dOmegad4b5d=ul;
dOmegab6d=ul; dOmega67d=ul;

eOM1=ul; eOM2=ul; eOM3=ul; e0OM4=ul; e0M5=ul; e0OM6=ul; e0OM7=uil;
eQ12=ul; eQ23=ul; eQ34=ul; eQ45=ul; eQ56=ul; eQ67=ul;
Psil2=zeros(1,n); Psi23=Psil2; Psi34=Psil2; Psi4b5=Psil2;
Psib6=Psil2; Psi67=Psil2;

for k=1:n
R1(:,:,k)=reshape(x(k,22:30),3,3);
R2(:,:,k)=reshape(x(k,31:39),3,3);
R3(:,:,k)=reshape(x(k,40:48),3,3);
R4(:,:,k)=reshape(x(k,49:57),3,3);
R5(:,:,k)=reshape(x(k,58:66),3,3);
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R6(:,:,k)=reshape(x(k,67:75),3,3);

R7(:,:,k)=reshape(x(k,76:84),3,3);

[Q12d(:,:,k) dQi12d(:,:,k) Omegal2d(:,k) dOmegal2d(:,k)...
Q23d(:,:,k) dQ23d(:,:,k) Omega23d(:,k) dOmega23d(:,k)...
Q34d(:,:,k) dQ34d(:,:,k) Omega34d(:,k) dOmega34d(:,k)...
Q45d(:,:,k) dQ45d(:,:,k) Omegadbd(:,k) dOmegadbd(:,k)...
Q56d(:,:,k) dQ56d(:,:,k) Omegab56d(:,k) dOmegab6d(:,k)...
Q67d(:,:,k) dQ67d(:,:,k) Omega67d(:,k) dOmega67d(:,k)]..
= desire(t(k));

[ut(:,k) u2(:,k) u3(:,k) ud(:,k) ub(:,k) u6(:,k) ur(:,k)...
Psi12(k) Psi23(k) Psi34(k) Psi45(k) Psib6(k) Psi67(k)...
eOM1(:,k) eOM2(:,k) eOM3(:,k) eOM4(:,k)
e0M5(: ,k) eOM6(:,k) eOM7(:,k)...
eQ12(:,k) eQ23(:,k) eQ34(:,k)...
eQ45(: ,k) eQ56(:,k) eQ67(:,k)...

Omegald(:,k) Omega2d(:,k) Omega3d(:,k) Omegadd(:,k)...
Omegabd(:,k) Omega6d(:,k) Omega7d(:,k) dOmegald(:,k)...

dOmega2d (:,k) dOmega3d(:,k) dOmega4d(:,k) dOmegabd(:,k)...

dOmegabd (:,k) dOmega7d(:,k)] = controller(t(k),x(k,:)’);
end

Wi=x(:,1:3); W2=x(:,4:6); W3=x(:,7:9); W4=x(:,10:12);
Wo=x(:,13:15); W6=x(:,16:18); W7=x(:,19:21);

figure;
plot(t,Psil2,t,Psi23,t,Psi34,t,Psi45,t,Psib6,t,Psib7);

figure;
for ff=1:3;
subplot(3,1,ff);
for aa=1:6;
eval([’plot(t,e0M’ num2str(aa) ’(’ num2str(ff) ’,:));’1);
hold on;
end
end

figure;
for f£f=1:3;
subplot(3,1,ff);
for aa=1:5;
eval([’plot(t,eQ’ num2str(aa) num2str(aa+l)...
> (2 num2str(£ff) ’,:));’1);
hold on;
end
end
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save(filename) ;

evalin(’base’,’clear all;’)

evalin(’base’,[’load ’ filename ’;’]); % load results to workspace
end

%% Second Function

function [dx] = pid_SO0Teom(t,x) %)% Sub function %%
global J1 J2 J3 J4 J5 J6 J7;

hangular velocity, Omega(BFF)

Om1=x(1:3); Om2=x(4:6) ; Om3=x(7:9); Om4=x(10:12);
Om5=x(13:15); Om6=x(16:18); Om7=x(19:21);

%0megal hat

Omih=hat (Om1); Om2h=hat(0Om2); Om3h=hat(0m3); Om4h=hat(0m4);
OmSh=hat (Om5) ; Om6h=hat(0Om6); Om7h=hat (0m7);
Rl=reshape(x(22:30),3,3); %Rotation matrix
R2=reshape(x(31:39),3,3);

R3=reshape(x(40:48),3,3);

R4=reshape (x(49:57),3,3);

R5=reshape (x(58:66) ,3,3) ;

R6=reshape (x(67:75),3,3);

R7=reshape (x(76:84),3,3);

[ul u2 u3 ué4 ub ub u7]=controller(t,x);

%% Equation of Motion

dOm1=J1 (ul-cross(Oml,J1*0m1));

d0m2=J2 (u2-cross(0m2,J2*0m2)) ;

dOm3=J3 (u3-cross(0m3,J3*0m3)) ;

d0m4=J4 (ud-cross(Om4,J4*0m4)) ;

dOm5=J5 (ub-cross(0m5,J5*%0m5)) ;

dOm6=J6 (u6-cross(0m6,J6*0m6)) ;

dOm7=J7 (u7-cross(0m7,J7+0m7)) ;

dR1=R1*0mi1h; dR2=R2*0m2h; dR3=R3*0m3h; dR4=R4*0m4h;

dR5=R5*0m5h; dR6=R6*0m6h; dR7=R7*0m7h;

dRla=reshape(dR1,9,1); dR2a=reshape(dR2,9,1);

dR3a=reshape(dR3,9,1); dR4a=reshape(dR4,9,1);

dRba=reshape(dR5,9,1); dR6a=reshape(dR6,9,1);

dR7a=reshape(dR7,9,1);

dx=[d0m1 ; d0m2 ; dOm3; dOm4 ; dOm5 ; d0m6 ; d0m7 ; . . .
dR1la;dR2a;dR3a;dR4a;dR5a;dR6a;dR7a];

end

%% Sub-sub-routine
function [Q12d dQ12d Omegal2d dOmegal2d Q23d dQ23d Omega23d ...
dOmega23d (Q34d dQ34d Omega34d dOmega34d (Q45d dQ45d Omega4dbd...
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dOmega4bd (Q56d d(56d Omegab6d dOmegab56d (67d d(67d Omega67d. ..
dOmega67d]= desire(t)

Q12d=eye(3); dQil2d=zeros(3); Omegal2d=[0 0 0]’; dOmegal2d=[0 0 0O]’;
Q23d=eye(3); dQ23d=zeros(3); Omega23d=[0 0 0]’; dOmega23d=[0 0 0]’;

% Euler angle: gamma beta alpha

alpha=sin(0.5%t); dalpha=0.5%cos(0.5%t); ddalpha=-(0.572)*sin(0.5%t);
beta=0.1; dbeta=0; ddbeta=0;

gamma=cos (t) ; dgamma=-sin(t) ; ddgamma=-cos(t);

[Q34d dQ34d Omega34d dOmega34d]=Eu2Rot(alpha,dalpha,ddalpha,...
beta,dbeta,ddbeta, gamma,dgamma,ddgamma) ;

alpha=0; dalpha=0; ddalpha=0;
beta=-0.1+cos(0.2%t); dbeta=-0.2*sin(0.2*t); ddbeta=-(0.2) 2*xcos(0.2%t);
gamma=0.5*%sin(2*t);  dgamma=0.5%2xcos(2*t); ddgamma=-0.5%2*2*sin(2*t) ;

[Q45d dQ45d Omegad4bd dOmegad4bd]=Eu2Rot(alpha,dalpha,ddalpha,...
beta,dbeta,ddbeta, gamma,dgamma,ddgamma) ;

Q56d=eye(3); dQ56d=zeros(3); Omegab6d=[0 0 0]’; dOmegab6d=[0 O 0]’;

Q67d=Q454’ ; dQ67d=dQ45d’ ; Omega67d=-(Q67d’ *Omega45d;
dOmega67d=-dQ67d’ *Omega45d-Q67d’ *d0megadbd;
end

function [Q dQ W dW]=...

Eu2Rot (alpha,dalpha,ddalpha,beta,dbeta,ddbeta,gamma,dgamma,ddgamma)
el=[1 0 0]’; e2=[0 1 0]’; e3=[0 0 1]7;

hel=hat(el); he2=hat(e2); he3=hat(e3); %e3 hat

ea=expm(gammaxhe3); eb=expm(betaxhe2); ec=expm(alpha*hel);
dea=(dgamma*he3) *ea; deb=(dbetax*he2)*eb; dec=(dalphaxhel)*ec;
ddea =(ddgammaxhe3)*ea+(dgamma*he3)*dea;

ddeb =(ddbeta*he2)*eb+(dbeta*he2)*deb;

ddec =(ddalphax*hel)*ec+(dalphaxhel)*dec;

(=ea*eb*ec;
dQ=deaxebxec + eax*deb*ec + eaxebxdec;

ddQl1=ddeaxeb*xec + dea*debxec + dea*eb*dec;
ddQ2=dea*deb*ec + eax*ddebxec + ea*deb*dec;
ddQ3=dea*eb*dec + eax*deb*dec + ea*ebx*ddec;
ddQ =ddQ1+ddQ2+ddQ3;

100



W=vee (Q’*dQ) ;
dW=vee (dQ’*dQ+Q
end

%% Controller

function [ul u2
Psil2 Psi23 Psi
e0OM1 e0OM2 e0OM3
eQ12 eQ23 eQ34

7*ddQ) ;

u3d u4 ub ub u7...
34 Psi4b5 Psib6 Psi67. ..
e0M4 e0M5 e0OM6 eOMT...
eQ45 e()56 eQ67 ...

Omegald Omega2d Omega3d Omega4d Omegabd Omegabd Omega7d ...
dOmegald dOmega2d dOmega3d dOmegad4d dOmegabd dOmega6d. ..

dOmega7d ] = co
global J1 J2 J3
global s12 s21
global s13 s24
global k01 k02
global K12a K12
global VS MAGN
global ccl2 cc2

Omi1=x(1:3); Om2
Om5=x(13:15); O
Rl=reshape (x(22
R2=reshape (x(31

R3=reshape (x(40:
R4=reshape (x(49:
R5=reshape (x(58:
R6=reshape (x(67:
R7=reshape (x(76:

Q12=(R2.’)*R1;
Q45=(R5.’)*R4;

[Q12d dQ12d Ome
Q23d dQ23d
Q45d dQ454d
Q67d dQ67d

b12=(R1’)*s12;
b21=(R2’)*s21;
b32=(R3’)*s32;
b43=(R4’)*s43;
b45=(R4’ ) *s45;
b54=(R5’)*s54;
b65=(R6°’)*s65;
b75=(R7’)*s75;

ntroller(t,x)
J4 J5 J6 J7
823 s32 s34 s43 s45 sb4d sb6 s65 s67 s76
s35 s47 s57 s75
k03 k04 k05 k06 k07
b K23a K23b K34a K34b K45a K45b Kb56a K56b K67a K67b
BeaconLocs
3 cc34 cc4b cchb6 ccb7

=x(4:6); 0m3=x(7:9); Om4=x(10:12); %0mega
m6=x(16:18) ; Om7=x(19:21);
:30),3,3); %Rotation matrix
:39),3,3);

48),3,3);

57),3,3);

66),3,3);

75),3,3);

84),3,3);

Q23=(R3.’)*R2; Q34=(R4.’)*R3; %Q
Q56=(R6.’)*R5; Q67=(R7.’)*R6;

gal2d dOmegal2d. ..

Omega23d dOmega23d (34d dQ34d Omega34d dOmega34d...
Omega45d dOmega4bd (Q56d dQ56d Omegab56d dOmegab6d. ..
Omega67d dOmega67d] = desire(t);

b13=(R1’)*s13;
b23=(R2’)*s23; b24=(R2’)*s24;
b34=(R3’)*s34; b35=(R3’)*s35;
b47=(R4’)*s4T;

b56=(R5’)*s56; b57=(R5’)*s57;
b67=(R6’) *s67 ;
b76=(R7’)*s76;
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b123=cross(b12,b13); b213=cross(b21,b23);
psil2a=1-dot (b21, (-Q12d*b12)); psil2b=1-(1/cc12)*dot(Q12d*b123,
Psi12=(K12a*psil2a)+(K12b*psil2b);

b234=cross (b23,b24) ; b324=cross(b32,b34);
psi23a=1-dot (b32, (-Q23d*b23)); psi23b=1-(1/cc23)*dot (Q23d*b234,
Psi23=(K23a*psi23a)+(K23b*psi23b);

b345=cross(b34,b35); b435=cross(b43,b45);
psi34a=1-dot (b43, (-Q34d*b34)); psi34b=1-(1/cc34)x*dot (Q34d*b345,
Psi34=(K34a*psi34a)+(K34b*psi34b) ;

b457=cross (b45,b47) ; b547=cross(b54,b57) ;
psidba=1-dot (b54, (-Q45d*b45)); psidbb=1-(1/cc4b5)*dot (Q45d*b457,
Psi45=(K4baxpsidba)+(K45b*psidbb) ;

b567=cross(b56,b57) ; b657=cross (b65,b67) ;
psib6a=1-dot (b65, (-Q56d*b56)); psib6b=1-(1/cc56)*dot (Q56d*b567,
P3156=(K56a*psi56a)+(K56b*psi56b);

b675=cross (b67,b65) ; b765=cross (b76,b75) ;
psi67a=1-dot (b76, (-Q67d*b67)); psi67b=1-(1/cc67)*dot (Q67d*b675,
Psi67=(K67a*psi67a)+(K67b*psi67b) ;

el2a = cross( ((Q12d.’)*b21),b12 ); %e_12"alpha

e2la = cross( (Q12d*b12),b21 ); %he_21"alpha

el2b = cross( ( (1/cc12)*(Q12d.’)*b213 ),b123 ); Y%e_12 beta
e21b = cross( ( (1/cc12)*Q12d*b123 ) ,b213 ); %he_21"beta
el2 = (Ki12axel2a)+(K12b*xel2b); %e_12

e21 = (Ki12axe21la)+(K12b*xe21b); %e_21

e23a = cross( ((Q23d.’)#*b32),b23 ); %e_23"alpha

e32a = cross( (Q23d*b23),b32 );

e23b = cross( ((1/cc23)*(Q23d.°)*b324),b234 ); Y%e_23"beta
e32b = cross( ((1/cc23)*Q23d*b234) ,b324 ); %e_32 beta
e23 = (K23a*xe23a)+(K23b*xe23b); %e_23

e32 = (K23ax*e32a)+(K23b*e32b); %he_32

e34a = cross( ((Q34d.’)*b43),b34 ); %e_34"alpha

e43a = cross( (Q34d*b34),b43 ); %e_43"alpha

e34b = cross( ( (1/cc34)*(Q34d.°)*b435 ),b345 ); Y%e_34"beta
e43b = cross( ( (1/cc34)*Q34d*b345 ) ,b435 ); Y%e_43"beta
e34 = (K34axe34a)+(K34b*e34b); %he_34

e43 = (K34axed3a)+(K34b*xed3b); %e_43
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e4ba=cross(((Q45d.°)*b54) ,b45);

eb4a=cross ((Q45d*b45) ,b54) ;

e4bb=cross (((1/cc45)*(Q45d. ) *bb47) ,b457) ;
eb4b=cross (((1/ccdb)*Q45d*b457) ,b547) ;

e45 = (K45axed5a)+(K45b*xed5b) ;

eb4 = (K45axeb4a)+(K45b*xeb4b) ;

ebb6a = cross( ((Q56d.’)*b65),b56 );

e65a = cross( (Q56d*b56) ,b65 );

eb56b = cross( ( (1/cch6)*(Q56d.°)*b657 ),bb67 );
e65b = cross( ( (1/ccb56)*Q56d*xb567 ) ,b657 );

eb6 = (Kb6axeb6a)+ (K56b*eb6b) ;

e65 = (K56a*e65a)+(K56b*xe65b) ;

e67a = cross( ((Q67d.’)*b76),b67 );

e76a = cross( (Q67d*b67),b76 );

e67b = cross( ( (1/cc67)*(Q67d.°)*b765 ),b675 );
e76b = cross( ( (1/ccB7)*Q67d*b675 ),b765 );

e67 = (K67axe67a)+(K67b*xe67b) ;

e76 = (K67axe76a)+(K67b*xe76b) ;

Omega3d=0mega34d; dOmega3d=dOmega34d;

Omega4d=[0 0 0]’; dOmegad4d=[0 0 0]’;

Omega2d=Q23d’ *Omega3d; dOmega2d=dQ23d’*0mega3d+023d’*d0mega3d;
Omegald=Q12d’ *Omega2d; dOmegald=dQ12d’*0mega2d+Q12d’*d0mega2d;
Omegabd=-(45d*0megad4bd; dOmegabd=-dQ45d*0megad5d-(45d*d0megad5d;
Omega6d=056d*0megabd; dOmega6d=d(56d*0megabd+Q56d*d0megabd;
Omega7d=Q67d* (Omega6d-Omegab7d) ;

dOmega7d=dQ67d* (Omegabd-Omega67d) +Q67d* (dOmega6d-dOmega67d) ;
e0M1=0m1-Omegald; eOM2=0m2-Omega2d; e0M3=0m3-Omega3d;
e0M4=0m4-0Omegadd; e0M5=0m5-Omegabd; eOM6=0m6-Omegabd;
e0M7=0m7-Omega7d;

Al=cross(Omegald, J1*(e0M1+Omegald));

A2=cross(Omega2d, J2*(e0M2+0mega2d));

A3=cross(Omega3d, J3*(e0M3+0mega3d));

Ad=cross(Omegadd, J4*(eOM4+0Omegadd));

Ab=cross(Omegabd, J5+*(e0M5+0megabd)) ;

A6=cross(Omegabd, J2*(e0M6+0megabd)) ;

A7=cross(Omega7d, J7*(e0M7+0mega7d));

B1=J1*d0Omegald; B2=J2*d0mega2d; B3=J3*dOmega3d; B4=J4*d0megadd;
B5=J5*d0megabd; B6=J6*d0megabd; B7=J7+*d0Omega7d;

ul=-e12-k01*%eOM1+A1+B1; u7=-e76-k07*e0M7+A7+B7;
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u2=-(e21+e23) /2-k02*e0M2+A2+B2; u3=-(e32+e34)/2-k03*e0M3+A3+B3;
ud=-(e43+e45) /2-k04*xe0M4+A4+B4; ub=-(eb4+e56)/2-k05*xe0M5+A5+B5;
u6=-(e65+e67) /2-k06*c0M6+A6+B6;

eQ12=vee( 1/2x( (Q12d.’)=*Q12-(Q12.’)*Q12d
eQ23=vee( 1/2x( (Q23d.’)*Q23-(Q23.)*Q23d
eQ34=vee ( 1/2%( (Q34d.’)*Q34-(Q34.)*Q34d
eQ45=vee ( 1/2%( (Q45d.°)*Q45-(Q45. ) *Q45d
eQ56=vee ( 1/2%( (Q56d.°)*Q56-(Q56.)*Q56d
eQ67=vee( 1/2%( (Q67d.’)*Q67-(Q67.°)*Q67d
end

o e

N N N N
N N N N N
e

function x=vee(X)
x=[X(3,2) X(1,3) X(2,1)]’;
end

function Y=hat(y)

Y=[0 -y(3) y(2); y(3) 0 -y(1); -y(2) y(1) 0];
end
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